Applied Logic Lecture 14: Second-Order Propositional Logic (Semantics and proof rules)
CS 4860 Spring 2009 Thursday, March 5, 2009

| These are preliminary notes, containing only the necessary formalities. If | ever get around to it | will add more explanations |

14.1 Assignments

Let Var be the type of propositional variables, anditet { f, ¢} be the booleans (witli meaning
false and meaning true). Arassignment is a functionv : Var — B.

Given an assignment a boolearb, and a propositional variabje the “updated” assignment;
is the function (inVar — B) defined by

b ifg=p
3 p =
vl (9) { v(q) otherwise

14.2 Semantics of P2

Let A be aP2-formula and let be an assignment; letA] (an abbreviation ofaluc( A, v)) be the
notation for the (boolean) value af underv, and letv[A] : B be defined recursively as follows:

v[1] = f
v[p] = v(p)
v[ADB] = (-pv[A])sv[B]

v[(Vp)A] = (v[})[A] As (v]])[A]
where— : B—B, 5 : BxB—B, and/Ap : BxB—B are the standard boolean operators.

For a finite set of formulas’, we definev,[A] = Ag{v[4] | A<A} and define
vy [l = Ve{v[4] | AeT'}, where\;S is the conjunction of the boolean values in the Set
and\/; S is their disjunction. (By convention\, @ =t and\/; @ = f.) The values|A-T"| of a
sequent can now be defined(ag v A [A]) g v [].

Examples: lev(po) = t,v(p1) = f,v(p2) = f
v[(poDp1)]= (=B v[po]) B v[p1] = (e t) B f = f
v[(Po2(po2p1))]= (—m v[po]) B V[P0 DP1] = (- t) B f = f
v[(poDpo)l= (=B v[po]) B v[po] = (—Bt) Bt =1
v[(Po2(Vpo(poDpo)))l= (mwv[po]) & (V1) [PoDp0] Aw (v[7°)[P0DPO]
= fw [fDf]) A (W[tDt]) =fr(tAst) =t

The semantics dP? can also be defined byducing a P2-formula into an ordinary propositional
formula. Since a variable can only assume two possible salue can replace every universally
quantified formula byVp) A by the formulaA[T /p| A L/p], whereT = 1 > L.

1This reduction technique only works wilP?. It cannot be used to reduce first-order logic to proposititogic,
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14.3 Rulesof P2

The multiple-conclusioned sequent proof rulesB3rare as follows

1L: A LT
oL A, ADBFT AFADB,T SR
' AFA T A, AFB,T ’
A, BFT
A VpAFT AFVYpA,T
VL(B) : VR
B)= A vpa, AB/p)r ArAgp,r VRO
ariom : A, AFAT
thin - A, AFT AFA,T thinR
1nL AI—F AI—F nniv

x+ thisis only legal if g ¢ FV (A, T',VpA).

The rules ford can be derived from the rules given above:

A, IpAFT AFIpA, T
3L : *ok R
A,AVQ’I—F AI—A\%,F

The familiar rules fora, v, and~ can also be derived.

An example proof: F(Vp.p)DL
Vp.pk_L DR
1L YL(L)

Here is a proof that the two definitions of conjunction givéee are actually equivalent.

FAAB D (Yp)((ADBDp)Dp) DR
ArBFE (¥p)((ADBDp)Dp) VR(P)
ArNBtF (ADBDP)DP DR
ANB,(ADBDP)+- P DL
1.LANBHA,P AL
A, BFAP axriom
2.AnB,BODPF P DL
21.ANB+B,P AL
A, B+ B,P axiom
22 ANB,P+P axiom

since variables may assume infinitely many values.



=(Vp)((ADBDp)Dp) D ArB
(Vp)((ADBDp)Dp) = AnB
(Vp)((ADBDp)Dp), (ADBDA) DA ArB
1.(Vp)((ADBDp)op) - ADBDA, AnB
(Vp)((ADBDp)Dp), A BDA,ANB
(Vp)((ADBDp)Dp), A, BF- A A\B
2.(Vp)((ADBDp)Dp), A= ArB
((ADBDB)DB),AF AnB
21.AF ADBDB,ArB
A A BDB,A\B
A/A BF B, A\B
2.2.B,A+ AnB
2.21.B,AF A
222.B,AF B

DR
VL(A)
DL
DR
DR
ariom
VL(B)
oL
DR
DR
ariom
AR
ariom
ariom



