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Mixing Times and Couplings

Secap. Metropolis algorithm takes :

(i) state set 1

(ii) unnormalized weight func with- Iso,0

(iii) "proposal distribution" K : symmetric
Markor transition matrix on

oh

Procedure :Metropolis

In stateieo at time + (vi)
(1) samplerandomj

wit pui K19

(2) with probability min (t,) accept transition :

X
+ +

=

j
() else X++1 =

In equations this means Metropolis Markov chain

has transtion mabrix

Pij = Kijamin (1"4 Ya) is itj

Y
+

1- E Pik i i =j

Kyma.

Let: Wor z-[ru.
i

↑ is reversible wir it
, i

it is a stationary distribution of P.



. Must show VijTifij =jPji
If i=

j,
trivial .

So assume ifjo

#Pija W · Kij min (1,

= · min (wis, w(j)

j8jz =

K . min (weis , w(is)
The RHS are equal

VLG)

Example . For 2= [g) when VIG) is

the votex set of a graph G,

(g) : 91 ,
. -

., g3 is a set of colors ,

w() = Stu+ Xt) Vedged
otherwise

Let n= /v())
Suppose proposal matix K is

Ki = Si Freva ste

j(ul = i() Vatv,

O otherwise

Metropolis fransition matrix :

(j = Jah + FveV(G)st- j(y)- i()futr
and j is a proper clowing

O otherwise



"Glauber dynamics" maxde
e

we will analyze with 934 · A

Bef: The 2-mixing time of a Markov chain,

[min(s)
,

is the smallest to - I such

that for every
initial state distribution it

and every to to
,

11 +ipt-* In = E

where*
= the stationary distribution.

We aim to prove : For Glamber with g) ↑A

Tmix() < poly (n, g , los (E)

bycoupling : Construct a joint distribution on

sofquences []
such that i

(i) Xo drawn from it
,

Xo drawn from

(ii) XoXisXz ,
-..

and Xo,Xi or

both have the Markov transition

dynamics given by P.

(iii) Pr(Xz* X) ** for all toto



Coupling for Glamber dynamics.

Propose the same transition (it
,
It

in both chains at all to

How to analyze ?

ne+ n(t) = + 3 r/X+
2) + X=(r)}

to n(t) - 1

with decreases when the proposed transition

picks some vertex v where X#XE()

and recolors with color C in both chains

Pr(n(t + 1) = n(t)-)3 . g
~

X(FXt() c acceptable
in both chains.

n(t) increases to+1 when the

puposed vetex v has a neighbor w

in one chain (not the other
with the proposed color

,
c.

Pr(n(+H) = n(t) +1) Ezu
v is a neighbor or that
of a w sit. c is in

Xm + X(w) (x(
, x((w)


