
15 Nor 2024 The Graph Laplacian

Recalli For an edge set I
,

with

respect to sic-sink pairs [bitil]

Spacity (2)=
u

sep(C)

"Sparsest edgecut" : find edge not C

minimizing this quantity.

For a vetex set S Let

OS = Gedges \nis) uss
, res]

"Sparsest vertex cut" : findx set S minimizing
h(5)=s

where diSl := & degree

How to reduce space vertex cut to

sparse edge out ?

de 4(5 := au . d.



Relation between his) and $(5) ...

[P(S) = h(s) = P(S)

=mars)
a(s) = d(r-s) = d(r)

Id(r) macdis),dirs d(V)

ret k = d(X2.
ordered

For each 1 vortex pair ( ,2)
we create d(a) . d(r) commodities

with S : = u , =v

What is sep(S) ?

sep(as) = #(i) SieS, tiEV-sh
+ mi) SieVes, tits].

-sin



=
s vis 2d(u)d(r)

= 2d(S)d(V-S) .

what isd (v) = 411 = 4m2

d( =E degree( = 2 . (E)

eacianof a Graph

If G is a graph (undirected)

with edge capacities wh = w(,n > 0

Cro use from a to r represented

by wha = 0) (always w(,) =0.)
let d() := wat

The matrix DG ("degree matrix) is
if u = v

(Pa)ar = Sa ↑ a = V

The Laplacian 46 is

(In-S



mor
3=[L

·
: [] L :f

tasys. Do
,
ho are symmetric

↳ =5
.

Is
,
↳ are positive semi definite !

Rece. For an uxn symmetric matrix A
the following are equivalent

("A is positive semidefinite . ")



1
.

VveR Ar > O

2 . 5 BE sit. A = BBT

3
. Tractors V

,
re,n sti

tij = viv; Fij
CA is the "Gram matrix" of vsyn)

4 .

All eigenvale of A are ?0 .

for Xe,

L=(aux

: d(n)

--war) X-

= 2[ xm
? Winst

ne vEu

- [EXux W(yr)
neV vefru



= [ w( · [xi + x= -2xx]
(yv3 = E(G)

2
: [ wa

,

v) (Xn- xr)
Gue (

-O

Xin(ta) =O

because (j = 0.

When is the multiplicity
of eigenvalue & greater than 1 ?

die)nullspc (a)
= # Conn compts of G


