
27 Sep 2023 Max-Flow Min-Cut Theorem

Ford-Fulkerson Algorithm

Announcements -

& Homework 3 to be released Fri
,

due a weak from Fri
,
shorter than usual

.

& Email me and Shawn (rok2 , 10396)
if you

must switch groups .

& In class midterm : I'm considering replacing it

with a take-home
,

the week of Now 6-10 ·

(flexible start/end .) Please email me if you're

not happy about this
.

Grape flow satisfies f(u,) + f(r
, n) = 0

For f(us) = 0 Yuk/s, t3 .

· feasible" f(ux) - ((r,) F(n
,-)

fi 1 + 1 1 1
-S 0-> - - -0 0Elementary from

Coex 300 000 %10. t
-..- -

Residual graph G ,

- feasible flow in G
.

capacities ((u,) = cu,) - f(n,)

augmenting path : path from s to t whose

edges have strictly positive
residua capacity -

& An sit cut in flow network G= (V
,

s
,
t

, c)
is a partition of V into S

,
T

with seS
,
teT

.

For vortex sets &
,
R let

->(Q
, R) =
2 [ f(u

,
r) net flow &- R

mea veR

-G
,R)

=

a e
<(n aggregate apacity G- R



Observe : (a) R
, R2 disjoint -> f(Q

,
R

, UR) = f(k, ) + f(0
, Rz)

(b) f(x
,
a) = 0 *Q V

... by skew-symmetry -

Lama. If f is
any

flow and ST is any sit cut,

f(S
,t) = val(f) .

If f feasible
,

val(f) < c(S
,
T)

and equality holds if and only if flug- clu
for all utS

,
ret

. ("S,
t is saturated by f. ")

⑳of. By properties (a)
,
(b) above

,

f(S
,
T) =

- (S
,i) + f (s

,5) = f(S
,
TVS) = - 1S

,
4)

-su,) inner sum rauars zen

except when u =s
.

:Ef(s,) = val(-)
.

Inequally val(t) < <S,T) follows from for utS,
veT

c
at least ~Ke or thesal is strict [

F u,v f(x) = ((u
,
x I//2
- this is strict ,

[[
was roT
" = cS

,i
rail-
* /S,i) =

wes not
fast ! [2

Therem
.

(Max-flow Minacut) for a flow network G

and a feasible flow -, TFAE :

-(i) I is a maximum flow
↓

teatbook!CitI there is no augmenting path in GS
versiz ↓

(iii) there exists a st cut with c(S;#) = val(f)
If
(iv) ther exists a mirum sat cut with c(5

,
5) = val(f).

Prof .

First (iv) => (iii) obvious .

To prove (iii) (iv)

assume ->
,

S
,
T satisfy (iii) and assume



SA
,

T is
any sot cut of minimum capacity .

SY
,
T

*) < c(S
,T) def of S

, TA)
-

Lemma above

<(S
,5) = val(f)< c(SY

,TY)
Herze xS

, T*)
= c CS

,
i) are equal, so ST is

a minim st cut satisfying val(-) =

< (S
,
5)

as required by (iv)
.

for (i) => (ii) we pore (vii)=> (i) .

58 G has any pata P
,
let

S(P) = mind chusi-fces)/ Cr an edge of P3
Then fo SIP) · fi is also a

feasible flow
,

its value is val(f) +S(P) > val(f) , so

-> is not a max flow

For (ii)-> (iii) : define an augmenting walk to be a
-

sequence S
=

Mo , 4) , Uz , . . ., ke of vertices
,

site residual >
↑

0 for all Cri
,Mit]), Ocick .

cu ;,Vira)-f(u ;,nin)

let S = 3 m/ 5 an angmenting walk ending at n}
T = VIS

Notes-S be cause (3) is augmenting Walk

t eT because I augmenting path in Gg -

Every (n,t wish usS
,
raT has zero

residual capacity . This is because

I augmenting walk s = Yo
, , , ...

-

, Up= 4

·but 20
, y

---

, 4k , 4k+
=

V is not an

-

augmenting walk
. -> (n, has IO residual

&

capacityy i.
= 0

we have an set aut which is saturated by f,
S c(S

,T) = val(-) by Lemma above :



Lastly
,
for (iii) => (i) :

if I is feasible flow
,

S,T is st cut 3 condition (iii)
and val(f) = c(S,T)

the for any feasible flow f↑,
val(-** <(S

,T1 = val(f)

by Lemma

i val)-)) is the maximum value of

a feasible flow in G


