CS 6817: Special Topics in Complexity Theory Spring 2025

Lecture 5: Feb 4, 2025
Lecturer: Eshan Chattopadhyay Scribe: Jonathan Webb

1 Review

Recall that for f: {—1,1}" — {—1,1} and ¢ € [n], the influence of coordinate i on f is defined as

L= Pr 1@ )] (1)

where %" indicates the vector (x1,...,2; 1, —Zi,Tit1,...,2n). The total influence of f is defined
as

1(5) = S L(h).
=1

Recall the (n-dimensional) Hamming cube H,, defined to be the graph with vertex set {—1,1}"
and edge set

E={(zy): A(z,y) =1}.
For b € {—1,1}, define
Ap={z e {-1,1}": f(z) = b}.
The cut between A; and A_1 is defined to be the set

Cut(A1, A1) ={(z,y) e E:x€ Ay and y € A_1}.

It was previously shown that

o |Cut(A1,A,1)| o |Cut(A1,A,1)|
I(f) =n |E| - on—1 :

Example 1.1. We determine the total influence of the AND function. Recall that

AND(z) — {—1 if x; = —1 for all i € [n]

1 otherwise.

So Cut(Ay, A_1) consists of the edges of Hy, incident to the vertex corresponding to the vector with
each entry equal to —1. There are n such edges, so

I(AND) = 3.
Recall that for ¢ € [n], the ith (discrete) derivative operator D; maps f : {—=1,1}" — R to the
function D; f : {—1,1}" — R defined by

f (xzﬁl) _ f (xiﬁfl)

where 2% indicates the vector (z1,..., % 1,0, Zit1,...,Tn).
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2 Analytic expressions for influence
Definition 2.1. For f: {—1,1}" — R and i € [n], the influence of coordinate i on f is defined as

L(f)= E _[Dif()?’] = IDifl3.

z~{—1,1}
It was previously shown that Definition 2.1 generalizes Equation (1) for f: {-1,1}" — {—1,1}.
Proposition 2.2. For f: {-1,1}" = R and i € [n],

z)= > f(S)a" 1,
SC|n]
S31i
Proof. For i € [n] and S C [n] we have
5t ifie s
S:ij:{s if i ¢ S
ies x if i

Below, it is assumed that we are summing over S C [n]. We have

z—>1 Zf z—>1 + Zf z—)l

531 SFi
S>3 S}éi
=Y i Y fs
CEY) SHi
and
f (xi%fl) _ ZJE( z~> 1 + Zf z~> 1
S31 SHi
_ Zf(s) (xia—l)sf{i} n Z]E(S) (wia—l)s
S3i SFi
_ Z S {i} +Zf S
S2i SFi
SO
l.z—>1 _ s 1
Dise) = LTSI
-1 (Z F(8)25 0 + 37 f(8)a5 + 37 F(8)aS~ 1 Zﬂswﬁ)
531 S NEY S#i
_1 (22 f(S)xS_{’}>
2 S3i
= f(5)5 1
CEY]
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Proposition 2.3. For f: {—1,1}"" = R and i € [n],

= > f5)

Ssg[n]
Proof. We have
L(f) = IDif 13
= (Dif,Dif)
_<Z f( S {z} Z f T—{i}>
SSQ ] TC[n]

— Z £(9) Z FT) (251 T
A S

=S 0(8) Y f()ssr
oo

= Y f(8)f(9)
=

= > f(s)
SCln]

with the third line by Proposition (2.2) and (z5~{% 27={#}) = §57 by the orthonormality of
the characters together with the fact that we are considering S and T with the same element i
removed. O

Corollary 2.4. For f:{-1,1}" —» R,
= > I8If(s)?
SCln]

Proof. We have

Hﬁﬁf %ZZf = > 1SIf(S)

i=1 SCIn] SC[n]
S3i

with the rightmost equality because each S contains |S| indices and therefore appears |S| times in
the double sum. O

3 Poincaré inequality

Theorem 3.1. For f: {—1,1}" — R, Var(f) < I(f).

Proof. Recall that
= (0= {9
o~{— 1 13 [ CZ
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by Parseval’s theorem, and

fl= E [fil= E [fxel={f,x0)=f(2)

E
~{—1,1}" e~{—1,1}" e~{—1,1}7

where 1 denotes the identity function and xg denotes the indicator function of a set S C [n]. So

Var(fy= E [f’]- E [f

o~ {—1,1}n e~{-1,1}n
=Y f(8)? - f(e)
SC[n]
< Y 1SI1f(9)?
SC[n]
=1(f)
with the inequality because |S| > 1 for S # &, and the final equality by Corollary (2.4). O

4 Influential coordinates for balanced functions

Call f: {—-1,1}" — {—1,1} balanced if E[f] = 0 and relax this to allow Var(f) = Q(1). In this
case, the Poincaré inequality implies that there exists some i € [n] such that I;(f) = Q(1/n). This
motivates the following question.

Question 1. Does there exist a balanced function f with max{l;(f)} = O(1/n)?

It was previously shown that
max{I;(MAJORITY)} =
(2

Si-

and
max{I;(PARITY)} = 1.

Definition 4.1. Given {,b € Z~, the function TRIBES: {—1,1}** — {—1,1} is an OR of ANDs on

St i) >

TRIBES(xll,...,l‘lb,...,l’gl,...,l‘gb) = (.1‘11/\"'/\%‘11,)\/"'\/(Zb‘gl/\"'/\.ﬁgb).

Example 4.2. We determine the mazximal influence of the TRIBES function. The function is
symmetric, so it suffices to find the influence of the first variable r11. This variable is pivotal

exactly when x19 = -+~ = 213 = —1 and the second through (th AND gates equal 11, so
1 1\“!
I;1(TRIBES) = P N = _— (1- = :
11( ) x~{—{,1}n [f(a) # f ()] 9b—1 2b

The TRIBES function is roughly balanced for b =~ logn — loglogn. For such b, one can show that
I = O (logn/n). So max{l;(TRIBES)} = O (logn/n).

The KKL theorem, to be stated and proved later, shows that the TRIBES example is tight up to a
constant factor.

nformally, x11 is pivotal when each zi2,..., 215 is “on” and the second through ¢th AND gates are “off”. “On”
and “off” for z;; € {—1,1} correspond to —1 and 1, respectively.
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