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[Veach 1997] Bidirectional Path Tracing, 40 samples per pixel
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(a) (b)

Figure 11.8: These images show caustics formed by a spotlight shining on a glass egg. Column (a)
was computed using bidirectional path tracing with 25 samples per pixel, while (b) uses Metropolis
light transport with the same number of ray queries (varying between 120 and 200 mutations per
pixel). The solutions include paths up to length 7, and the images are 200 by 200 pixels.
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Left: bidirectional path tracing

Right: Metropolis light transport
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(a) Path tracing with 210 samples per pixel.

(b)Metropolis light transport with 100 mutations per pixel [the same computation time as (a)].

Figure 11.9: Caustics in a pool of water, viewed indirectly through the ripples on the surface. It is
difficult for unbiased Monte Carlo algorithms to find the important transport paths, since they must
be generated starting from the lens, and the light source only occupies about 1% of the hemisphere
as seen from the pool bottom (which is curved). The MLT algorithm samples these paths efficiently
by means of perturbations. The images are 800 by 500 pixels.

bidirectional path tracing
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Metropolis light transport
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Lens perturbation Caustic perturbation

Figure 11.4: The lens edge can be perturbed by regenerating it from either side: we call
these lens perturbations and caustic perturbations.

Lens perturbations. We delete a subpath of the form (where the
symbols , , , and stand for specular, non-specular, lens, and light vertices respec-
tively).8 This is called the lens subpath, and consists of edges and vertices
(the vertex is not included). Note that we require both and to be non-specular,
since otherwise any perturbation would result in a path for which .

To replace the lens subpath, we perturb the image location of the old subpath by moving
it a random distance in a random direction on the image plane. The angle is chosen
uniformly, while is exponentially distributed between two values and :

(11.11)

where is uniformly distributed on .
We then cast a ray at the new image location, and extend the subpath through additional

specular bounces to be the same length as the original. The mode of scattering at each spec-
ular bounce is preserved (i.e. specular reflection or transmission), rather than making new
random choices. (If the perturbation moves a vertex from a specular to a non-specular ma-
terial, then the mutation is immediately rejected.) This allows us to efficiently sample rare

8This is Heckbert’s regular expression notation, as described in Section 8.3.1. We have not used the full-
path notation of Section 8.3.2, although we assume that the light source has type and the lens has
type with respect to the classifications introduced there.
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Figure 11.5: A caustic perturbation. A new path is generated by perturbing the direction of
the ray from the light source by a small amount, and then tracing the perturbed ray through
the same sequence of specular reflections and refractions as the original path.

x'x

Figure 11.6: Using a two-chain perturbation to sample caustics in a pool of water. First,
the lens edge is perturbed to generate a point on the pool bottom. Then, the direction
from original point toward the light source is perturbed, and a ray is cast from in this
direction.
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