
��
� ���
��
� �� �

��

	��

��� �
 �� ��
�� �� �


�

Front-end
Program
Source

M
iddle1M
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B
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L
ow
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A
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bly

C
ode

H
igh-level

Interm
ediate

R
epresentation

loop-level transform
ations

(loops,array references
  are preserved)

L
ow

-level

R
epresentation

Interm
ediate

conventional optim
izations

register allocation
instruction selection

(array references converted into
  low

 level operations, loops
converted to control flow

)

O
rganization of a M

odern C
om

piler

syntax analysis +
 type-checking +

 sym
bol table
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[I,J] =
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1] +
 1

I
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A
ssum

e that array has 1’s stored everyw
here before loop begins.

      A
[I,J] =

 A
[I-1,J+

1] +
 1

A
fter loop perm

utation:

T
ransform

ed loop w
ill produce different values (A

[3,1] for exam
ple)

=
>

 perm
utation is illegal for this loop.

Q
uestion: H

ow
 do w

e determ
ine w

hen loop perm
utation is legal? 
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uestion: H
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 do w

e generate loop bounds for transform
ed loop nest?
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T
w

o problem
s:

w
here A

 is a m
 X

 n  m
atrix of integers,

             b is an m
 vector of integers, 

             x  is an n vector of unknow
ns,

(i) A
re there integer solutions? 

(ii) E
num

erate all integer solutions.

G
iven a system

 of linear inequalities  
A

 x 
<

  b

M
ost problem

s regarding correctness of transform
ations

and code generation can be reduced to these problem
s.
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E
quality: line (2D

), plane (3D
), hyperplane (>

 3D
)

Intuition about system
s of linear inequalities:

x

y

3x+
4y =

 12

3x +
 4y <

=
 12

Inequality: half-plane (2D
), half-space(>

2D
)

R
egion described by inequality is convex 

  (if tw
o points are in region, all points in betw

een them
 are in region)
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Intuition about system
s of linear inequalities:

x

y

3x+
4y <

=
 12

R
egion described by inequalities is a convex polyhedron

  (if tw
o points are in region, all points in betw

een them
 are in region)

C
onjunction of inequalties =

 intersection of half-spaces
=

>
 som

e convex region

x >
=

 -5

3x - 3y <
=

 9

y <
=

 4
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flow

anti

output
data

D
ependences: 

control

Input dependence: S1 ->
 S2

O
utput dependence: S1 ->

 S2

A
nti-dependence: S1 ->

 S2

Flow
 dependence: S1 ->

 S2 

   (i) S1 executes before S2
   (ii) S1 and S2 both read from

 the sam
e location

  (ii) S1 and S2 w
rite to the sam

e location
  (i) S1 executes before S2

 (ii)  S1 reads from
 a location that is overw

ritten later by S2
   (i) S1 executes before S2

(ii) S1 w
rites into a location that is read by S2 

   (i) S1 executes before S2 in program
 order

x :=
 2

y :=
 x +

 1

x :=
 3

y :=
 7

output
flow

anti
output
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- R
eal program

s:  im
precise inform

ation =
>

 need for safe approxim
ation

procedure f (X
,i,j)

  begin
     X

(i) =
 10;

     X
(j) =

 5;
   end

A
nsw

er: If (i =
 j), there is a dependence; otherw

ise, not. 

=
>

 U
nless w

e know
 from

 interprocedural analysis that the param
eters i and j are alw

ays distinct,
       w

e m
ust play it safe and insert the dependence. 

Q
uestion: Is there an output dependence from

 the first assignm
ent to the second? 

E
xam

ple:

C
onservative A

pproxim
ation:

‘W
hen you are not sure w

hether a dependence exists, you m
ust assum

e it does.’

K
ey notion: A

liasing : tw
o program

 nam
es m

ay refer to the sam
e location (like X

(i) and X
(j))

M
ay-dependence vs m

ust-dependence: M
ore precise analysis m

ay elim
inate m

ay-dependences

��

L
oop level A

nalysis:
granularity is a loop iteration  

I

J
each (I,J) value of 

loop indices corresponds
to one point in picture

D
O

 I =
 1, 100

  D
O

 J =
 1, 100

   S

         E
xecution of a statem

ent for given loop index values

Iteration (I1,J1) is said to be dependent on iteration (I2,J2) if
a dynam

ic instance (I1,J1) of a statem
ent in loop body 

is dependent on a dynam
ic instance (I2,J2) of a statem

ent 

D
ynam

ic instance of a statem
ent: 

D
ependence betw

een iterations:

in the loop body.

H
ow

 do w
e com

pute dependences betw
een iterations of a loop nest?
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J

U
1

U
2

L1
L2

F
or a given I, the J co-ordinate of a point

in the iteration space of the loop nest satisfies
  m

ax(L1(I),L2(I)) <
=

 J <
=

 m
in(U

1(I),U
2(I))

M
in’s and m

ax’s in loop bounds m
ayseem

 w
eird, but actually they describe 

general polyhedral iteration spaces!bb
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P
resentation sequence:

-  one equation, several variables

-  several equations, several variables

2 x +
 3 y =

 5 

2x +
 3 y +

 5 z =
 5

3x +
 4 y           =

 3

2x +
 3 y =

 5
x <

=
 5

y <
=

 -9

-  equations &
 inequalities

D
iophatine equations:

use integer G
aussian

elim
ination

S
olve equalities first

then use F
ourier-M

otzkin
elim

ination

b�

O
ne equation, m

any variables:
    a1 x1 +

 a2 x2 +
 ....+

 an xn =
 c

E
xam

ples:G
C

D
(2,1) =

 1 w
hich divides 3.

S
olutions:  x =

 t, y =
 (3 - 2t)

G
C

D
(2,3) =

 1 w
hich divides 3.

Let z  =
 x +

 floor(3/2) y   =
 x +

 y

R
ew

rite equation as  2z +
 y =

 3

S
olutions:  z =

 t
x =

 (3t - 3)
y =

 (3 - 2t)
y =

 (3 - 2t)
=

>
  

T
hm

:  T
he linear D

iophatine equation 
has integer solutions iff gcd(a1,a2,...,an) divides c.

 (1)    2x =
 3      N

o solutions 

 (2)    2x =
 6      O

ne solution:  x =
 3

 (3)    2x +
 y =

 3 

(4)     2x +
 3y =

 3  

Intuition: T
hink of underdeterm

ined system
s of eqns over reals.

C
aution: Integer constraint =

>
 D

iophantine system
 m

ay have no solns

b�

T
hm

:  T
he linear D

iophatine equation     a1 x1 +
 a2 x2 +

 ....+
 an xn =

 c
has integer solutions iff gcd(a1,a2,...,an) divides c.

P
roof:

W
LO

G
, assum

e that all coefficients a1,a2,...an are positive.
W

e prove only the IF
 case by induction, the proof in the other direction is trivial.

Induction is on m
in(sm

allest coefficient, num
ber of variables). 

B
ase case: 

If (# of variables =
 1) , then equation is a1 x1 =

 c w
hich has integer solutions

if a1 divides c. 
If (sm

allest coefficient  =
 1), then gcd(a1,a2,...,an) =

 1 w
hich divides c. 

W
log, assum

e that a1 =
 1, and observe that the equation has solutions 

 of the form
 (c - a2 t2 - a3 t3 -....-an tn, t2, t3, ...tn). 

Inductive case:

S
uppose sm

allest coefficient is a1, and let     t =
 x1 +

 floor(a2/a1) x2 +
 ....+

 floor(an/a1) xn
In term

s of this variable, the equation can be rew
ritten as 

    (a1) t +
 (a2 m

od a1) x2 +
 ....+

 (an m
od a1) xn =

 c
(1)

w
here w

e assum
e that all term

s w
ith zero coefficient have been deleted.

O
bserve that (1) has integer solutions iff original equation does too.

N
ow

 gcd(a,b) =
 gcd(a m

od b, b) =
>

gcd(a1,a2,...,an) =
 gcd(a1, (a2 m

od a1),..,(an m
od a1))

=
>

 gcd(a1, (a2 m
od a1),..,(an m

od a1)) divides c.

If a1 is the sm
allest co-efficient in (1), w

e are left w
ith 1 variable base case.

O
therw

ise, the size of the sm
allest co-efficient has decreased, so w

e have 
m

ade progress in the induction.

b�

E
qn:        a1 x1 +

 a2 x2 +
 ....+

 an xn  =
 c

S
um

m
ary:

- D
oes this have integer solutions?

        =
 D

oes gcd(a1,a2,...,an) divide c ? 

d¡



It is useful to consider solution process in m
atrix-theoretic term

s.

(3 5 8)(x y z)
=

  6
T

(2  0)(a  b) T
=

 8

Solution is a =
 4, b =

 t

looks low
er triangular, right?

W
e can w

rite single equation as 

It is hard to read off solution from
 this, but for special m

atrices, 
it is easy.

K
ey concept: colum

n echelon form
 -

"low
er triangular form

 for underdeterm
ined system

s"

For a m
atrix w

ith a single row
, colum

n echelon form
 is 

(x  0  0  0...0)

d�

3x +
 5y +

 8z =
 6

Substitution:  t =
 x +

 y +
 2z

N
ew

 equation:

3t +
 2y +

 2z =
 6

Substitution: u =
 y+

z+
t

N
ew

 equation:

2u +
 t =

 6

Solution: 
u =

 p1
t  =

 (6-2p1)

B
acksubstitution:

y =
 p2

t  =
 (6-2p1)

z  =
 (3p1-p2-6)

B
acksubstitution:

x =
 (18-8p1+

p2)
y =

 p2
z =

 (3p1-p2-6)

=
 (3 2 2)

(3 5 8)

=
 (1  2  0)

=
 (1 0  0)   (1  2  0)

1  -2  0
0    1  0
0    0   1

(3 2 2)
  1  0  0
-1  1  -1
   0  0    1

(3 5 8)
1  -1  -2
0    1    0
0    0     1

Solution: (6  a  b)

Product of m
atrices =

 
2  -5  -1
-1 3  -1
0    0    1

Solution to original system
:

12-5a-b
 -6+

3a-b
  b

U
1U
2U

3

T
U

1*U
2*U

3

U
1*U

2*U
3*(6 a b) T

d�

         

S
ystem

s of D
iophatine E

quations:

K
ey idea: use integer G

aussian elim
ination

It is not easy to determ
ine if this D

iophatine system
 has solutions.

E
asy special case: low

er triangular m
atrix

Q
uestion: C

an w
e convert general integer m

atrix into 
equivalent low

er triangular system
?

IN
T

E
G

E
R

 G
A

U
S

S
IA

N
 E

LIM
IN

A
T

IO
N

E
xam

ple:

2x +
 3y +

 4z  =
 5

   x -   y +
 2z  =

 5
=

>
 

2  3  4

1 -1 2

xyz

=
 

55

xyz

=
 

55
-2 5  0
1  0  0

=
>

 

z =
 arbitrary integer

x =
 5

y =
 3

db

Integer gaussian E
lim

ination

   
F

ind m
atrices U

1, U
2,...U

k such that 

A
*U

1*U
2*...*U

k is low
er triangular (say L)

S
olve Lx’ =

 b (easy)
C

om
pute x =

 (U
1*U

2*...*U
k)*x

   (A
*U

1*U
2...*U

k)x’ =
 b

=
>

 A
(U

1*U
2*...*U

k)x’ =
 b

=
>

 x =
 (U

1*U
2...*U

k)x’   

P
roof: 

O
verall strategy: G

iven A
x =

 b

- U
se row

/colum
n operations to get m

atrix into triangular form
- F

or us, colum
n operations are m

ore im
portant because w

e 
    usually have m

ore unknow
ns than equations

dd



51

C
aution: N

ot all colum
n operations preserve integer solutions.

2   3

6   7

xy
=

  

1   -3

0      2

51

2    0

6  -4
y’ x’

=
 

O
ne solution: U

se only unim
odular colum

n operations

Q
uestion: C

an w
e stay purely in the integer dom

ain? 

S
olution: x =

 -8, y =
 7

w
hich has no integer solutions!

Intuition:  W
ith som

e colum
n operations, recovering solution

of original system
 requires solving low

er triangular system
 

using rationals. 

d|

U
nim

odular C
olum

n O
perations:

C
heck

3    2

7    6
0    1

1    0

2   3

6   7

Let  x,y satisfy first eqn.

Let x’,y’ satisfy second eqn.

x’ =
 y ,   y’ =

 x

2   3

6   7

2   3

6   7

2   -3

6   -7
1    0

0   -1

6    1

2    1

1   -1

0     1

x’ =
 x,    y’ =

 - y

C
heck

C
heck

n =
 -1

x  =
 x’ +

 n y’

y  =
 y’

(a) Interchange tw
o colum

ns

(b) N
egate a colum

n

(c) A
dd an integer m

ultiple of one colum
n to another 

d�

1   0   0

-2  5   0

x’ =
 5

y’ =
 3

1  -1  2

2   3   4

E
xam

ple:

=
  

55

1  -1  2

2   3   4
2   3   0

1  -1  0

2   1   0

1  -2   0

0   1   0

5  -2   0
=

>
=

>
=

>
=

>

1  0  -2

0  1   0

0   0   1
0   0   1

0  1   0

0   0   1

1  -1  0
1   0   0

0   0   1

-2   1   0
1   0   0

0   1   0

x’y’
1   0   0

=
 

55
     

=
>

  

z’
z’ =

 t 

=
>

 
xyz

=
  

-1   3   -2

   1  -2   0

   0   0    1

53t

=
-1t 4-2t

xyz

-2  5   0

d�

F
acts:-  interchanging tw

o colum
ns

1.  T
he three unim

odular colum
n operations

-  negating a colum
n

-  adding an integer m
ultiple of one colum

n to another

on the m
atrix A

 of the system
 A

 x =
 b 

preserve integer solutions, as do sequences of these operations.

2.  U
nim

odular colum
n operations can be used to reduce    

      a m
atrix A

 into low
er triangular form

. 

has integer entries and a determ
inant

3.  A
 

unim
odular m

atrix 

of +
1 or -1. 

4.   T
he  product of tw

o unim
odular m

atrices is also unim
odular.

67



68

A
lgorithm

:
G

iven a system
 of D

iophantine equations A
x =

 b

to low
er triangular form

 L.

2. If Lx’ =
 b has integer solutions, so does the original system

.

3. If explicit form
 of solutions is desired, let  U

 be the product 

1. U
se unim

odular colum
n operations to reduce m

atrix A

     of unim
odular m

atrices corresponding to the colum
n operations.

x =
 U

 x’  w
here x’ is the solution of the system

 Lx’ =
 b

to com
pute ‘colum

n echelon form
’ of m

atrix. 

Let rj be the row
 containing the first non-zero

(ii) colum
n (j+

1) is zero if colum
n j is. 

C
olum

n echelon form
: 

D
etail: Instead of low

er triangular m
atrix, you should

(i) r(j+
1) >

 rj if colum
n j is not entirely zero.

in colum
n j. 

x   0   0
x   0   0
x   x   x

is low
er triangular but not colum

n echelon. 
P

oint: w
riting dow

n the solution for this system
 requires additional 

w
ork w

ith the last equation (1 equation, 2 variables). T
his w

ork is 
precisely w

hat is required to produce the colum
n echelon form

.

N
ote: E

ven in regular G
aussian elim

ination, w
e w

ant colum
n echelon form

 rather than 
low

er triangular form
 w

hen w
e have under-determ

ined system
s.

9:


