
10.5. lagrange multipliers 183

Consider the minimization problem:

minimize
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We substitute the constraint x1 = x2
2 into the objective function to obtain

an unconstrained objective:
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whose derivative is:
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Setting the derivative to zero and solving for x2 yields x2 ⇡ 1.165. The
solution to the original optimization problem is thus x

⇤
⇡ [1.358, 1.165]. The

optimum lies where the contour line of f is aligned with h.
The contour lines of f are lines of constant f . If a contour line of f is

tangent to that of h, then the directional derivative of f at that point, along
the direction of the contour h(x) = 0, must be zero.

Example 10.3. A motivating exam-
ple of the method of Lagrangemul-
tipliers.

h(x) = 0

x
⇤

x1

x 2

r f
rh
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gradients rhi(x):
r f (x) = Â

i
lirhi(x) (10.14)

We can define a Lagrangian with ` Lagrange multipliers for problems with `

equality constraints as follows:

L(x,�) = f (x)�
`

Â
i=1

lihi(x) = f (x)� �>h(x) (10.15)

Critical points that satisfyrL = 0 will satisfy both equation (10.14) and hi(x) = 0
for all ` constraints.

10.6 Inequality Constraints
Consider a problem with a single inequality constraint:

minimize
x

f (x)

subject to g(x)  0
(10.16)

A solutionmay be either on the constraint boundary (figure 10.6) or in the interior
of the feasible region (figure 10.7). We discuss these two cases separately.

If the solution lies at the constraint boundary where g(x)  0, then we know
that the Lagrange condition holds

r f + µrg = 0 (10.17)

For inequality constraints, we use µ for the Lagrange multiplier. In contrast with
equality constraints, we know that rg points in the opposite direction of r f ;
otherwise, we can move further into the feasible region and also decrease the
objective. Hence, µ � 0 if the solution lies on the constraint boundary. When this
occurs, the constraint is considered active.

x
⇤

Figure 10.6. An active inequality
constraint. The corresponding con-
tour line is shown in red.

If the solution to the problem does not lie at the constraint boundary, then the
constraint is inactive. As with unconstrained optimization, the r f will be zero at
a solution. In this case, equation (10.17) will hold by setting µ to zero.

x
⇤

Figure 10.7. An inactive inequality
constraint.We could optimize a problem with an inequality constraint by introducing an

infinite step penalty for infeasible points:7 7 The function •(·) outputs • if
the input is true and zero other-
wise.f•-step(x) = f (x) + •(g(x) > 0) (10.18)
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when solving constrained problems,

1 . Reformulate

2 . Project Tx

3. Lagrangian/multiplers


