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Expected # of k-cliques in G(t).
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If <2 this probability is <1
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Pr)G(niz) is a k-Ramsey graph
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Not only do K-Ramsey grophs exist,



when n > 2 they we

INCREDIBLY PLENTIFUL ! Almost

every graph ona notices is k-hamsey.

Explicita constructions· K-Ramsey graphs with

24 (c a constant > 0
vertices . (XinLi 2023)

(Previously Chattopadhyay & Zucarman)

Girth and Chromatic Number

A kecoloring of
a graph is

function from VIG)-C where

C is a set ofk colors.

A k-coloring isper if the

endpoints of
every edge have

distinct colors ,

& ·⑧ -



If G has clique of size kef it

cannot have a proper k-coloring.

(Pignoble => 2 vertines of the
cliquehave same color

⑫.
The chromatic number &(G)

is the minimum k st. G

has a

proper k-coloring .

Def The Eith J(G) is the
--

number of edges in the shortest

cycle .
or gla = - if G has

no cycles.

Example of 216) = X:
··

if 2161 = x Then -(2) = 2 .

Example of 1165:



Graph to high girth are "locally
tree-like.

"

if J(G1 > Ir then a BFS around

any
vortex with "search radius +"

will not discover a cycle.

Therem (Eros) for all g ,
k < - there

exist finite graphs G with

-(2) >g and W(G) > k -

Choose p carefully and show

G(np) has a large subgraph with

both of these properties with pos probability.

Expected # of cycles of Lengthg.
Assume # pain (g).
Every cycle of length I consists of
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# such sequences
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Kor = with probability E,
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.

Thinking about chromatic cruber .... a

paper
k-cooning of G partitious its vertex set

into 1) color classes (a) the vertices

labeled with a particular color) and

each of them is an independent set in G

Next step : We will choose p large enough

that
, probably ,

max indep set of G

has< vertices.

Assume n divisible
EC# inde sets of size] by 2k...

= () (p))(
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< nt . e

- p + (t -7/z

= C]t
Choose &

to make

In ePlt-i
Mn(2n) = (2 - ( - ) = z(2 - 1)

=))n
If n is lg enough
that ng4kIn()

this inequalities arepen # satisfiable !

Summarizing:If He
then with probability E

, Glue has

at most E cycles of Length g.

Also with probability >EG(n, p) has

no indep sets of size n or larger.

with pob > o both of these happen.

Then let G = G with one vetex deleted from

eachg cycle.

NV(G)/ · G has no indepses of size
=> wa) > k



G has no cycle of length -9
=> 2(6) g .


