
Chapter 2.
High Dimensional space



Gadgets for Proving:

The Law of Large Numbers

Statistical facts about expectation, variance etc.



Important Geometry Conclusions about High Dim Space

● Most volume is near surface

Most of the volume of the d-dim ball of radius r is contained in an annulus of width O(r/d) near surface

● Surface area and volume of a unit sphere in d:

● Volume of sphere is near equator

Prove by showing the ratio of volume of half equator over volume of hemisphere goes to one in limit or the 
other way around.



Important Geometry Conclusions about High Dim Space

● Nearly all points in a unit sphere are in a box of side-length



Generat points uniformly at random on surface of unit sphere

1. For a point Generate x1, x2, . . . , xd independently using a zero mean, unit 
variance Gaussian distribution.

This gives a probabiliy density that is spherically symmetric.

2. Normalize the vector x=<x1, x2, …., xd> so that the point is on surface of unit 
sphere. (coordinates no longer independent)

To generate points uniformly at random over a unit sphere:

Introduce scale factor 



Gaussians in High Dim
● Two random points from a d-dimensional Gaussian with unit variance in each 

direction are approximately orthogonal. It implies: for the normalized random 
points, if we pick one as north pole, then all the others will lie on the equator 
of the unit sphere. 

● Gaussian Annulus Theorem



Random Projection

WIth high probabiliy, 

Random projection preserves all relative pairwise distances between points in a 
set of n points with high probability



Separating Gaussians


