
29 April 2024 (2)-ApproximateKnapeach.

Plan
.

* Knapsach Problem

* Announcements

* Approximation Scheme

* Dynamic Program-



KnapsackProblem

* Given :
- list of M items.

↳ Each item i = El .
--

, n3 has

weight Wi & value Vi

- weight bound W

* Find : Subset SEE1 . ..., n3 maximizing

2 Vi
it S

subject to

Z wi = W.
it S
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S = [53 Vs = 11

Ws = 15

S = [1 ,
2

, 63 Vs : 15

Ws = 11



I wofacts about Knapsack

(1) Knapsach is NP-Hard

(2) Knapsack is solvable by dynamic programming
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I wofacts about Knapsack

(1) Knapsach is NP-Hard

(2) Knapsack is solvable by dynamic programming
in time O(n=

v
* )

where v
*

= max Vi
it E... n3

Knapsach is "weakly" NP-Hand
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WCale NP-Hardness

* Hardness arises due to solving problem exactly
on large value.

-

Idea
--

A Reduce Knapsack on Large values to
-

Knapsach on small values
-

* Solution on "noisy instance" ~/ small values
n

&proximates optimal solution on original instance



Announcements

* HW9 out now.

* Fall 2024 TA Application due tonight !

* Student Survey about CIS courses

WiC/URMC



IExact Algorithm :

X pseudo-polynomial time

Dynamic Program
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IExact Algorithm :

* pseudo-polynomial time
v
*

= max Vi

Dynamic Program
it ...n]

o ---- nut (i . e . Unax (

+T
-

↳ n entries per
value
-

)RT
* Reduction ,

solve a "Coarse
U

instance

using exact DP
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Reduce Knapsack to "Coarse" - Knapsack.

max
2 Vi Max E i

ieq1 ,
. .

.,n] itS ie [1 .
- - n} IES

->

S . t
.

S .t .

& wit W

& wiW itS

Properties
~ *

=
* Y = max Vi < ~ max Vi

it [1 ... n 4 it El . - .n]

*
Jb - R

b .[ ~ 2 Vi
st
S : [1 . . . .,n] it S it S



Readin
= [7 fiess ...a 3



Reduction

= [7 fies... 3

Approximation

Vi = b. = b/7 vi +h

② ⑪



Leave weights & WReduction the same

= [7 fies... 3

Approximation

7vib .

:
= b. vi+

& ⑪l

Gaim . Suppose S is maximum b-"course" solution
,
and

S is maximum to original Knapsach instance.

Then,
- [ Vi I [ Vj - bu
its jest



Gaim . Suppose S is maximum b-"course" solution
,
and

S is maximum to original Knapsach instance.

Then,
- [ Vi I [ Vj - bu
its jest
-

If
.

Q [ i [ Vi // by maximum S.
-

its
* it S



Claim Suppose S is maximum b-"course" solution
,
and

--

S is maximum to original Knapsach instance.

Then,
- [ Vi I [ Vj - bu
its jest
-

If
.

Q [~ // by maximum S.
its

*

By the inequalities established :

E v = b .[ b .

[ [vi + b(s)

it S*
its ItS

- - -

by ② by Q by



S
.

if we can solve the b-course Knapsach

problem, we can obtain approximation.

Vapprox = [ Vi
its

Vexact = Vi
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S
.

if we can solve the b-course Knapsach

problem, we can obtain approximation.

Vapprox = [ Vi
its

Vexact = [ Vj
jest

ApproximationRatio

pprox 2
V -br-1-act
Vexact exact

n
r21-d for all E

Vi
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_eynomial - Time Approximation Scheme

↳ An r-approximation algorithm for any r < 1.

Given any 230
, algorithm produces a

(1-2) - approximate solution to Knapsack

in time O(poly(n) · f (1) (
for some f() .

FullyPTAS

O(poly (n ,
1) (



Given E,

choose↳
Vexact at least the max value

(pre-process to remove

infeasible values)



Given E
,

A

-
choose b E

u

=>-
max course

value

#2)- Approximate Knapsack
.

(W
,

w
.

.
- .

, Wh
,
v .

- - Vn)

v =
Y

b = -M. 23
U

< /7 for all :S ... n3

Return S & Knapsack (W, w, .

. .

, Wa , , ,
.
. - , )
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LamicProgram for Knapsach

* 2D table T(i , u]
zu

Sin =El . --i]
minimum weight W where

and

sin II

&
i tracks subset of elements considered

.

O U tracks value
-

-

Eventually return max value U

that doesn't exceed weight W



LamicProgram for Knapsach

* 2D table T(i , u]
zu

Sin =El . --i]
minimum weight W where

and

sin II

Cases
-

① itSin => T(i , u] = T(i , u]

② itSin => Mi , n] = wi + T(i- ,
U -vi]
u

Need to handle

case where < 0.



KapsackDP Values

Initialize T(i , u] = + for it El ,
---

, u]
UEG0.. --

,
nv

*

]

For i = 1
, .. ,

n T[i
,
10] = 0 for no E0 .

For i = 1
,

-- , n

i

For U = 1 . - -

, V
+ 5 for

I I T(i ,
n) = min

Thin ,

n)
infeasible U

.

E I

Wi + T(i - 1
,
U -vn]
-

& for Us ? 0 .

Return

max U sit . T(n , u] < W .



Claim .

DP returns the correct value.

Laim
.

DP runs in O(n) time.

- heorem has an FPTAS.
-> I Knapsach
-

For any E > 0.

(l-E) - approximate algorithm

running
in O(n3/) time.


