
March2024 Boolean Satisfiability (SAT)
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* Reductions T SAT

↳ INDSET 4 CNF-SAT

↳ CIRCUIT-SAT Ep SAT
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Given : boolean formula 4 in Conjunctive Normal Form

CNF Y = (X
,
V + x2 vx)1(X2VX, VX+ V - x0)

-

I M ---- N (nx , -x.0
literals --

(variable clauses

Question or negation)-

Does there exist anAssignment to (x .. --Xn)
that ties1 ? ↓
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if a does not satisfy clause

Return t

Return W
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Mystudy SAT ?

-LevinTheorem .

SAT is NP-Complete .

↳ SAT iS in NP.

↳ SAT is NP-Hard .

L
-

L
-very efficiently verifiable problem reduces

to SAT !

Solving SAT is hard !

Solving SAT is powerful !



Announcements
* HW7 due Thurs

,
11 : 59

pr

↳ See Ed Post about update to Q3

(makes problem easier

* Prelim Conflict Survey
↳ Link on Ed

* Prelim #2 Review Session

↳ April 9
,

7-9pm
,

Gates 407.
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L
-very efficiently verifiable problem reduces

Solving SAT is hard ! to SAT !

Solving SAT is powerful !
--

↳
Practical Algorithm design paradigm :
- Reduce problem to SAT

- Use optimized SAT SOLVER

to solve the problem
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Find : A subset SEV of vertices

such that no two vertices u
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Share an edge (v , v) + E
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INDEPENDENT SET REDULES TO CNF-SAT
-

↳ Given : Graph 4
, parameter k

Find : A subset SEV of vertices (SIK

such that no two vertices u
, veS

Share an edge (v , v) + E L
Need some mechanism to count to k !

Otherwise S = 0
,
i
.e

. * = * satisfies Pa

(xnv -x) 1(xv2x)1 (7X-V7Xz) - --

FezE
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X " =T = U is the ith vertex in S
·

Xu

/
(i).FF(x4) k boolean variable

per vertex

"in"S at most once ①

For every
HEV 1icjck

(TXVLx))

I cannot be it and ith vertex of S
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X " =T = U is the ith vertex in S

② Exactly 1 vertexL
Xu

must be the it vertex

/
(i).FF(x4) A least 1

.

III · as (x
* ~x ~x * ~ ---

Freu
(

s ~

II#--+ (vi) - ++ -(x2) Almostt
(2b) Fu ,

v

V 7 Xv&- (xi i



x" =T = n is the ith vertex in S

Xu ③ DSET
constraints

No vertices in

-FF(x4) S share an edge

Fu
,
ve E

Kil-
++ -(x

Hi
, je E .

. - - ke

I ( vix)
&-



4 = (V
,
E)

,
K

↓

Pa, 1 (exivex)M(ux veiln----(x* -x)
nev Q

~ (xivxv ... ~x)1 (xvxv .. - ~x) 1 --- 1(xrx ...vx)
⑳

~ xiraxide ... Lexivexide--eGrexdex"vexu
③

1(xivex-Givexife --n(nxurex)
(4,v)EE

polynomial-sized CNF
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INDSET E CNF-SAT
.

Previously we saw 3SAT Ep IND SET

-SUBSET-SOM
MAX

Cu +

INDSET
CLIQUE

VERTEX-COVER
TSP

CNF-SATSAMCYCLE -
PROTEIN-FOLDING If y NP-Complete
INTEGEROGRAMMING JS AT problem has a->

poly-time algorithm ,

they all do !

NP-Complete problems form li . e .

P =NP)
an equivalence class

(under poly-time Karp reductions)
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CIRCUIT-SAT Ep 3SAT
-

Given : Logical Circuit C : 50 , 15" -20 , 15
-

Question.
men

Does there exist x + [0 , 15h

s.t . ((x) = 1 ?

Note .

Circuit SAT Ep 3SAT is a key step in

proof of Cook-Levin Theorem !

Intuition. Logical Circuits can implement any algorithm.
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- / Each gate a
* Vertices I "Gates" / computes
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Circuits.
-

* Represented as a DAG

- / Each gate a
* Vertices I "Gates" / computes

boolean tu. on I-variables
* Edges E "Wires"

-> n total input wires to circuit

-> Output determined by evaluating

·
each gate from bottom to top.

↑
951

Reductionidea
↑
z

o ⑭- For each gate O93 g

- ↑ T &

O

-

↑ O9
, 92 * Y
1N/ I C & Check correctness

X
, Xz X

3 X4 X5
z => g(x , y)



vifyeach gate
X Y z = NAND(X

,Y)
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vifyeach gate
X Y z = NAND(X

,Y)
-

o O I

gate
output O &
-Igat e e o I I

1-

"Negated
AND

"
Note : NAND isComplete

-

GATE GADGET .

- set of clause satisfied by
any X

,
Y

,
Z sit

. Z = NAND(X , Y)

z => - (x1Y)
( z - -(x,y)1 + z - (x1Y)
- -

G2V XV -Y) 1 (ZvX) 1(zVY)



Ge
a
O 95

~sO
-

4 + / .
Gr - l-

NAND

- ↑as poly-sized CNE

s
Fans

-

↑ satisfiable if↑ in i 2 7 x + [0 , 198 s . t.
X

, X2 X3 X
+ X 5 X6 X7

C(x) = 1 -

Y = G 1) (74 ,
-x V& ) n (9 ,Vx) ~ (9 , vXe egate 1 gadget)

1 (742V2X, V X5)n (42Vx)1 (92W x 5) (gatez gadget

!

1676V24xV7 45) M(40V 44)1(46V45)] (gate6 gadget)


