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1 Vector spaces

Definition 1 A wector space V is a nonempty set of objects v, with two operations defined on them:
multiplication by a scalar ¢ (belonging to a field; here let’s assume c is a real number), denoted as cv, and
addition of two vectors, denoted as u+ v that satisfy the following properties:

1. The vector space is closed under both addition and scalar multiplication. That is, if u,v € V and c is
a real number, then cu € V andu+v e V.

2. Vector addition is commutative and associative. That is, u+v =v+u, and u+(v+w) = (u+v)+w
for allu,veV.

. There is a zero vector 0 € V s.tu+0=u for allueV.

. For every vector u € V, there exists —u €V s.tu+ (—u) =0.

3
4
5. Scalar multiplication distributes over addition: c(u+ v) = cu+ ¢v, and (¢ + d)u = cu + du.
6. ¢(du) = (cd)u.

7.

lu =u.

A vector space is best thought of as a generalization of the cartesian plane. Consider the cartesian
plane, which is the set of all points (z,y), where x and y are real numbers. Define addition to be element-
wise addition: (z,y) + (¢/,y’) = (x + ',y + y’). Similarly, define scalar multiplication to be element-wise:
c(x,y) = (cz,cy). Define the zero vector to be (0,0). For u = (z,y), define —u = (—=1)u = (—z, —y). Test
each of the properties described above and make sure that they are indeed true.

Points (x,y) in the cartesian plane can be thought of in computer science parlance as numeric arrays of
size 2. We can in fact produce a more general example by considering the set of numeric arrays of size d,
denoted as R?. Here R denotes the fact that components of each array are real numbers, and d denotes the
number of components in each array. Thus, each element in R? is represented as [z1, T, ..., 74]. Addition
and scalar multiplication are element-wise as above, and the zero vector is the vector of all zeros.

What about the set of two dimensional numeric arrays? A two dimensional array, or a matrix, has rows
and columns. An n X m matrix has n rows and m columns. If we consider the set of all n x m matrices,
then we can denote this set as R"*" as before. Again, we can define addition and scalar multiplication
element-wise. Convince yourself that this is indeed a vector space. Observe that if we consider gray-scale
images of size n X m it is indeed exactly this vector space.

2 Bases and dimensionality

The point (z,y) on the cartesian plane can be thought of as “x units along the X axis and y units along the
Y axis”. Or, more precisely, (z,y) = x(1,0) + y(0,1). In other words, any vector u in the cartesian plane
R? can be represented as a linear combination of only two vectors, (1,0) and (0,1).

Similarly, consider the vector space R?. Consider the vectors e; = [1,0,0,...,0], e = [0,1,0,...,0],
e; = [0,0,1,...,0] and so on. Thus e; has a 1 in the i-th position and is 0 everywhere else. Now consider



any vector u = [21,a,...,24]. Then u = Zl xr;e;. Again, any vector in R< can be represented as a linear
combination of the e;’s.

What about the vector space of all n x m images, R™"*™? Recall that every element in this vector space
is an m x m matrix. Consider the matrix e;;, which has a 1 in the (7, j)-th position and is zero everywhere

T11 X12 e T1m
else. Then any vector u = : : : in R™®*™ can be written as ZZ ; Tij€ij-
Tnl Tp2 ... Tpm
Thus it seems that the set of vectors By = {(1,0),(0,1)} in R?, the set By = {e;;i = 1,...,d} in R% and
the set Byxm = {eij;i=1,...,n;5 =1,...,m} in R™*™ are all special in some way. Let us concretize this

further.
We first need two definitions.

Definition 2 Let V' be a vector space, and suppose U C V. Then a vector v € V is said to be in the span
of U if it is a linear combination of the vectors in U, that is, if v = Z?Zl a;u; for some u; € U and some
scalars a;. The span of U is the set of all such vectors v which can be expressed as linear combinations of
vectors in U.

Thus, in R2, the span of the set By = (0,1),(1,0) is all of R?, since every vector in R? can be expressed
as a linear combination of vectors in B.

Definition 3 Let V' be a vector space. A set of vectors U = uy,...,u, CV is linearly dependent if there
exist scalars i, ..., a,, not all of them 0, such that ), azu; = u. If no such o;’s exist, then the set of
vectors U is linearly independent.

Consider, for example the set (1,0),(0,1), (1, —1). Then, because (1,0) — (0,1) — (1, —1) = 0, this set is in
fact linearly dependent. An equivalent definition for a linearly independent set is that no vector in the set is
a linear combination of the others. This is because if u; is a linear combination of us,...,u,, then:

u; = iaiui (1)
=2

:}0:20@1,”—111 (2)

i=2
=0= Zaiui where a; = —1 (3)
i=1
(4)
which in turn implies that U = {uy, ug,...,u,} is linearly dependent.

Note that the sets Bs, By and By, x,, above are all linearly independent. Let us prove this via contradiction
for By. Suppose that By is in fact linearly dependent. Then, there exist aq,...,aq, not all 0, s.t

d
Z a;e; — 0 (5)
i=1

= [, 00,...,0q4] =0 (6)
= o; = 0Vi (7)

which contradicts our assumption.

Definition 4 Let V be a vector space. A set of vectors U C V is a basis for V if:

1. The span of U is V, that is, every vector in V can be written as a linear combination of vectors from
U, and

2. U is linearly independent.



Thus B is a basis for R?, By is a basis for R? and B,,x,, is a basis for R"*™. However, note that a given
vector space can have more than a single basis. For example, B, = (0,1),(1,1) is also a basis for R?: any
vector (z,y) = x(1,1) + (y — 2)(0, 1), and it can be shown that (1,1) and (0, 1) are linearly independent.

However, here is a crucial fact: all basis sets for a vector space have the same number of elements

Definition 5 The number of elements in a basis for a vector space is called the dimensionality of the
vector space.

Thus the dimensionality of R? is 2, the dimensionality of R? is d and the dimensionality of R"*™ is nm.
In general, the dimensionality of vector spaces can be infinite, but in computer vision we will only encounter
finite-dimensional vector spaces.

2.1 Coordinate representation for vectors

A basis gives us a way to represent vectors in a unified way independent of the vector space. Let V be
a vector space. Fix a basis B = by,...,b, for V. Then, for any vector x in V, it can be represented as
(€51

&%)
>, a;b; for some ;. We represent this vector as a column of numbers:

Qp
Note that such a representation can be used only when we have chosen a basis. For some vector spaces
such as R%, if no basis is mentioned, we will use By; this is called the canonical basis.

3 Norms, distances and angles

For many vector spaces, we also want to have a notion of lengths and distances, and similarities between two
vectors. For example, we may want to ask, how far is the point (4, 5) from the point (0,0)? In the cartesian
plane, there is a natural notion of distance. For example, to get to (4,5) from (0,0), we will have to go 4
unit along X and 5 units along Y; then we can use Pythagoras theorem to compute the distance.

The generalization of this computation is a norm. Although there are many different norms for many
vector spaces, for our purposes in computer vision, we mainly deal with the L2 norm for R?, which is denoted
by || - |l2 or || - ||. This norm is defined as follows: ||x|| = \/2% + 22 + ... + 2

The norm of a vector x is its length. The distance between two vectors x and y is the length of x —y.
Often, we will talk of the direction of a vector x, which is just x multiplied by a scalar to make its norm 1:
H%H' Such a vector is also called a unit vector.

Another useful quantity is the dot product or inner product between two vectors, denoted as < -, >.
Again, there are many possible inner products we can use. However, the most common inner product for
R? is given by < X,y >= z1y1 + @ay2 + ... + xqyq. Observe that, with this definition of inner product,
<x,x >=||x|%

This inner product generalizes the dot product you may have encountered in 3D geometry. It can be
shown that with this definition, < x,y >= ||x]||||y| cos @, where 6 is the angle between x and y. Thus an
inner product of 0 between two non-zero vectors indicates that they are perpendicular (or orthogonal) to
each other. This connection with the angle also motivates the use of this inner product as a measure of
similarity between two vectors.

As a matter of notation, note that vectors written as column vectors can also be thought of as d x 1
matrices. As such, the inner product described above is also equivalent to x”y, and is commonly represented
in this way.

4 Linear transformations

Suppose we have two vector spaces U and V. We are interested in functions that map from one to the
other. Perhaps the most important class of these functions in terms of their practical uses as well as ease of
understanding is the class of linear transformations.



Definition 6 Consider two vector spaces U and V. A function f : U — V is a linear transformation if
flaug 4+ Bug) = af(uy) + Sf(uz2) for all scalars o, B and for all uy,us € U.

Let f : U — V be a linear transformation. Suppose that we have fixed a basis By = by, ..., b,, for U,
and a basis By = ay,...,a, for V. Consider the vectors f(b;),j =1,...,m. Since these are vectors in V,
they can be expressed as a linear combination of vectors in By . Thus:

f(bj) =" Mj;a; (8)
i=1
for some coefficients M;;.

Now consider an arbitrary vector u in U. It should be expressible as a linear combination of the basis

vectors, so u = ZT:l ujb;. We can now figure out what f(u) should be:

Jw = £(3"uby) ©)

= Z ujf(b;) (by linearity of f) (10)
j=1
= Z Mijujai (11)
j=11i=1
U
U
Now we can express u as a column vector of coefficients | . |. If we express f(u) as a column vector
Uy
similarly, we can see that:
f(u) = Mu (12)
M11 . Mlm
where M = | .
My ... My,

Thus every linear transformation can be expressed as a matrix multiplication. The matrix
encodes how each basis vector gets transformed; the linearity of the transformation means that this infor-
mation is enough to predict how everything else will be transformed. In particular, the j-th column of this
matrix is the transformed j-th basis vector (Equation (8)). You should also be able to prove that every
matrix multiplication is a linear transformation.

4.1 Change of basis

A special case of a linear transformation is when we want to change the basis. In this case, U and V above
are the same vector space, but with different basis. Given a vector u represented in the basis By, we want to
know its representation in the basis By . Again, this can be represented using a matrix multiplication Mu.
Here, the j-th column of M is the representation of the j-th basis vector in By, namely b;, now represented
in the basis By .

4.2 Rank and nullity

Consider a linear transformation from vector space U to V' corresponding to the matrix M. As can be seen
My

above, the output of this transformation is a linear combination of the matrix column vectors m; = :
M,



Thus, the output is the span of the matrix columns. Note that this span need not be the whole space
V. It can be a subset of V, but still a vector space (it should be easy to verify that the set of all linear
combinations of a set of vectors is itself a vector space, a subset of the original space; often called a subspace).
The dimensionality of this output subspace is called the rank of the matrix M. If this dimensionality is
equal to the dimensionality of V', the matrix M is considered full rank.

As another useful property, consider the set of vectors u in U s.t Mu = 0. Again, it can be shown that
this set is a vector space, and is thus a subspace of U. The dimensionality of this subspace is called the
nullity of the matrix M.

One of the most useful theorems of linear algebra is that rank + nullity = number of columns of
M.

4.3 Properties of matrices

Because matrices represent linear transformations between vector spaces, a lot of linear algebra is devoted
to studying them. For our purposes, there are several properties of matrices that you must know :

1. The matrix I is such that I;; = 1 for all ¢, and I;; = 0 if 7 # ¢. This is the identity matrix and
represents an identity transformation: Ix = x.

2. Matrices can be multiplied together as follows. If C' = AB, then C;; = >, A;;xByj. Note that this
means that A and B can only be multiplied together if the number of columns of A match the number
of rows of B. The product of an n x m matrix and an m x [ matrix is n x [.

3. Matrix multiplication is associative (A(BC) = (AB)C) and distributes over addition (A(B + C) =
AB + AC) but it is not commutative in general (i.e., AB need not equal BA)

4. For a matrix A, we can construct another matrix B s.t B;; = Aj;. B is called the transpose of A and
is denoted as AT.

5. If A= AT, Ais symmetric. If A = —AT| A is skew-symmetric.

6. For a matrix A, if B is such that AB = I, B is a right-inverse of A. If BA = I, B is a left-inverse of
A. If BA= AB =1, B is an inverse of A. Inverses when they exist are unique and are denoted as
AL

7. Square matrices A such that AAT = ATA = I are called orthonormal matrices. Note that for any
orthonormal matrix R, if r; is the j-th column of R, then r?rj =1 and r?ri = 0 for i # j. Thus,
columns of an orthonormal matrix have unit norm and are orthogonal to each other.

8. The trace of a matrix is the sum of its diagonal elements (i.e., trace(A) =, Ai;)

9. Another useful function of a square matrix is the determinant, denoted as det(A). The determinant

Z} the determinant is ad — be. For a diagonal
matrix it is the product of the eigenvalues. For matrices that are not full rank, the determinant is 0.
The determinant of AB = det(A)det(B).

can be difficult to compute. For a 2 x 2 matrix

5 Understanding and decomposing linear transformations

Because matrices and linear transforms are so important, it is worthwhile delving into them a bit more. In
particular, let us focus on linear transformations f : R™ — R"™, which correspond to n x n matrices M.
Consider an input vector x, and the corresponding output vector Mx. We want to understand how Mx
relates to x, and what that means in terms of properties of M.

Table 1 shows three kinds of 2 x 2 matrices and their effect on a set of 2D points spread evenly on the
unit circle:



Scaling Rotation General transformation

. [0.3 O} [ 0.5 0.866] [0.38 0.88]
Input points

0 14 —-0.866 0.5 1.18 —0.63

Table 1: Three different matrices and their action on a set of points.

1. Column 2 shows a scaling (non-isometric), which involves stretching or compressing the axes to different

S1 0 e 0

0 S2 ... 0
extents. Matrices that perform such operations are diagonal matrices of the form .

0 0 ... sp

2. Column 3 shows a rotation which, as the name suggests, involves a rotation about the origin. Rotation
matrices R are orthonormal (RTR = I) and in addition have determinant 1. A close cousin are
reflections which also involve orthonormal matrices but with determinant —1.

3. Column 4 shows a general linear transformation.

It can be seen that the transformation in Column 4 involves some scaling along an arbitrary axis as well
as some rotation. It turns out that a version of this holds for any linear transformation. In particular, every
linear transformation can be decomposed into a rotation/reflection, followed by a non-isometric scaling,
followed by another rotation/reflection. This decomposition is called a singular value decomposition:

Definition 7 Every matriz M can be written as M = ULV, where U and V are orthonormal matrices
and ¥ is a diagonal matriz. This is known as the singular value decomposition (SVD) of matriz M.
The values in the diagonal of X are called the singular values of the matriz M.

Thus Mx = U(X(VTx)). In other words, applying M amounts to rotating using V7, scaling using ¥ and
rotating again using U. For any matrix M, 3 is unique, and U and V are unique upto a sign flip for each
column.

Singular value decomposition is one of the most versatile, commonly used tools of linear algebra and it is
worthwhile remembering that this exists. Apart from being an interpretable decomposition of a matrix, it
offers several interesting properties.

1. The rank of the matrix M is simply the number of non-zero singular values.

2. Given a matrix M = UXV7T of rank r, if we want the closest matrix M’ of rank r — k, then one can
simply zero out the k smallest singular values (smallest in absolute value) in ¥ to produce ¥/. M’ is
then UX'VT.

3. If u; is the i-th column of U, v; is the i-th column of V' and o; is the i-th diagonal element of X, then
it is easy to show that M =", o;u;v?.

4. Consider what happens when M is applied to the vector v;. Since vIv; = , we have:

0 ifi#£y
1 0

MVj = ZaiuiViTVj = O'jllj (13)

K2



Consider now square, symmetric matrices, that is M = MT. If M = UZV7”, then this means that
UXVT = VXUT, or in other words U = V. In this case the singular value decomposition coincides with
another matrix decomposition, the eigenvalue decomposition:

Definition 8 Every square matriz M can be written as M = UAUT, where U is an orthonormal matrix
and A is a diagonal matriz. This is known as the eigenvalue decomposition of matriz M. The values in
the diagonal of A are called the eigenvalues of the matriz M.

As above, if u; is the j-th column of U (or the j-th eigenvector) and A; is the j-th eigenvalue, then:
MLlj = )\ju]‘ (].4)

Thus, eigenvectors of M are vectors which when multiplied by M will point in the same direction, but have
their norm scaled by A.

All square matrices have an eivenvalue decomposition, but the eigenvalues and eigenvectors may be
complex. If the matrix is symmetric, then the eigenvectors and eigenvalues will be real and the eigenvalue
decomposition coincides with the SVD.

An interesting fact is that the eigenvectors of a square d x d matrix always form a basis for R%. Similarly,
the column vectors of V in an SVD of a d x d matrix form a basis for R?.

6 Matrices, vectors and optimization

One of the primary use-cases of linear algebra techniques will appear when we try to solve equations or
optimization problems.

6.1 Solving linear equations

Consider, for example, any set of linear equations in 2 variables:

a1z + apy = by (15)
21T + a2y = by (16)

: (17)
ap1T + An2y = bn (18)

This set of equations can be written using matrices and vectors, where we assemble all the unknowns into a

single vector x =

a11 412 by
az; a2 b
S lx=|° (19)
by,
anl aAn2
= Ax=Db (20)

In fact, any set of linear equations in d variables can be written as a matrix vector equation Ax = b,
where A and b are a vector of coefficients and x is a vector of the variables. In general, if A is d x d and full
rank, then A~! exists and the solution to these equations are simply x = A~'b. However, what if A is not
full rank or different from d x d?

Over-constrained systems What happens if A is n x d, where n > d, and is full rank? In this case,
there are more constraints than there are variables, so there may not in fact be a solution. Instead, we look
for a solution in the least squares sense: we try to optimize:

min || Ax — b||? (21)



Now, we have:

| Ax — b|[2 = (Ax — b)" (Ax — b) (
= (xTAT —bT)(Ax — b) (
=xTATAx —bTAx —xTATb + b™b (
=xTAT Ax — 2b" Ax + bTb (
We now must minimize this function over x. This can be done by computing the derivative of this objective

w.r.t each component of x and setting it to 0. In vector notation, the vector of derivatives of a function f(x)
with respect to each component of x is called the gradient Vy f(x):

af(x)
81?1
If(x)
Vef(x) = | 7 (26)

We will use two identities here that are easy to prove:
Vyiclx =c (27)
Vax Qx = (Q+Q")x (28)
This gives us:
Vi (xT AT Ax — 2bT Ax 4+ b"b) = 247 Ax — 24Tb (29)
Setting this to 0 gives us the normal equations, which are now precisely a set of d equations:
ATAx = ATb (30)

These can be solved the usual way giving us the least squares solution x = (AT A)~1ATb.

Under-constrained equations What if A has rank n < d? In this case, there might be multiple possible
solutions, and the system is underconstrained. It is also possible that no solution exists. In particular, if x;
is a solution (i.e., Ax; = b), and Axs = 0, then x; + x5 is also a solution.

We can get a particular solution as follows. First we do an SVD of A to get:

UxVix=b (31)
= XVTx=UTb (32)
(33)
Next, let y = VTx, so that x = Vy. Then,
Yy =U"b (34)

Because ¥ is a diagonal matrix, this equation can be solved trivially, if a solution exists (note that since
A is not full rank, some diagonal entries of ¥ are 0; the corresponding entries of the RHS must be 0 for a
solution to exist).

6.2 Optimization problems

Another common use-case of linear algebra is for solving optimization problems. Consider the problem:
min, x7 Qx, subject to the constraint that ||x|| = 1. Here @ is symmetric . To solve this, let us express x as



a linear combination of the eigenvectors of Q: x = )", a;v;. Then, we have
xTQx = (Z aiv;f)Q(Z a,;v;) (35)
i J

= v Qvy) (36)

i j
= O av)OayAvy) (37)

i J
= Z Oé,'Oéj)\jViTVj (38)

i,

=Y aiy (39)

Thus, the objective function is a linear combination of the A; with positive weights a?. The only way to

minimize this is to put maximum weight «; on the smallest eigenvalue and 0 weight on everything else. The
maximum weight we can put is 1, since ||z|| = 1. Thus the solution to the minimization is v*, the eigenvector
corresponding to the smallest eigenvalue A..



