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Announcements

Office Hours

e Nitesh: Today at 10:30am-11:30am
e Nate: Today at 4-5pm

e Nitesh: Tuesday at 4:15pm - 5:15pm
e fFran: Wednesday at 11-12pm

Homework #1
e Due: Wednesday



Simple imperative language
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Simple imperative language

We'll now consider a more realistic programming language...

arithmetic expressions a € Aexp a:=x|n|a +a,|a x a;
boolean expressions b € Bexp b ::=true | false | a; < a,
commands ¢ € Com ¢ ::=skip
| x:=a
| G G
| if bthen ¢ else ¢,
| whilebdoc



Small-Step Semantics

Three relations, one for each syntactic category:

—aexp C (Store x Aexp) x (Store x Aexp)
—gexp C (Store x Bexp) x (Store x Bexp)

—com C (Store x Com) x (Store x Com)



Small-Step Semantics

n=o(x)

(o,X) = (o, n)



Small-Step Semantics

(0,€1) = (0,¢€))

(0,614 ) = (0,€] + &)

(0,6,) = (0,€))

(o,n+e)) — (o,n+é)

p=n+m
(0.n+m) = (o,p)




Small-Step Semantics

(0,€1) = (0,¢€))

(0,61 X €5) = (0,€] x e))

(0,67) = (0,€))

(o,n x &) = (o,n x é)

p=nxm

(o,n x my — (o,p)



Small-Step Semantics

(o,a1) — (o,d))

(0,01 < ar) — (0,d; < ay)

(0,a,) — (0,d5)

(o,n < ay) = (o,n < dby)

n<m

(o,n < m) — (o, true)

n>m

(o,n < m) — (o,false)



Small-Step Semantics




Small-Step Semantics

(o,¢1) = (o', )

(o,crico) = {0, i ca)

(o, skip; ;) — (0,0)



Small-Step Semantics

(0,0) — (0,b)

(o,if bthen ¢; else ¢;) — (o, if b’ then ¢ else ;)

(o, if true then ¢, else ¢;) — (o, ¢y)

(0, if false then ¢, else ¢;) — (0, 0)



Small-Step Semantics

(o, while b do c) — (o, if b then (c; while b do ¢) else skip)
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(o', while foo < 4 do foo := foo + 5)
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— (o', if 3 < 4 then (foo := foo + 5; W) else skip)



Small-Step Example

o, foo := 3; while foo < 4 do foo := foo + 5)

o', skip; while foo < 4 do foo := foo + 5)

o', while foo < 4 do foo := foo + 5)

o', if foo < 4 then (foo := foo + 5; W) else skip)
o’ if 3 < 4 then (foo := foo + 5; W) else skip)

o', if true then (foo := foo + 5; /) else skip)

o~ o~ o~~~
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Small-Step Example

(o,foo := 3; while foo < 4 do foo := foo + 5)

(o', skip; while foo < 4 do foo := foo + 5)

(o', while foo < 4 do foo := foo + 5)

(0’ if foo < 4 then (foo := foo + 5; W) else skip)
(o',if 3 < 4 then (foo := foo + 5; W) else skip)
(a if true then (foo := foo + 5; W) else skip)
(o’

-
N
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— (o', foo := foo + 5; while foo < 4 do foo := foo + 5)



Small-Step Example

(o,foo := 3; while foo < 4 do foo := foo + 5)

(o', skip; while foo < 4 do foo := foo + 5)

(o', while foo < 4 do foo := foo + 5)

(0’ if foo < 4 then (foo := foo + 5; W) else skip)
(o',if 3 < 4 then (foo := foo + 5; W) else skip)

(o', if true then (foo := foo + 5; W) else skip)

(a foo := foo + 5; while foo < 4 do foo := foo + 5)
(o’

o',foo := 3 4 5; while foo < 4 do foo := foo + 5)

A



Small-Step Example

(o,foo := 3; while foo < 4 do foo := foo + 5)

(o', skip; while foo < 4 do foo := foo + 5)

(o', while foo < 4 do foo := foo + 5)

(0’ if foo < 4 then (foo := foo + 5; W) else skip)
(o',if 3 < 4 then (foo := foo + 5; W) else skip)
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o', foo := 8; while foo < 4 do foo := foo + 5)

A A



Small-Step Example

(o,foo := 3; while foo < 4 do foo := foo + 5)

(o', skip; while foo < 4 do foo := foo + 5)

(o', while foo < 4 do foo := foo + 5)
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Small-Step Example

(o,foo := 3; while foo < 4 do foo := foo + 5)

(o', skip; while foo < 4 do foo := foo + 5)

(o', while foo < 4 do foo := foo + 5)

(0’ if foo < 4 then (foo := foo + 5; W) else skip)
(o',if 3 < 4 then (foo := foo + 5; W) else skip)

(o', if true then (foo := foo + 5; W) else skip)

(0’ foo := foo + 5; while foo < 4 do foo := foo + 5)
(0’ foo := 3 + 5; while foo < 4 do foo := foo + 5)
(0’ foo := 8; while foo < 4 do foo := foo + 5)

< /
(o

, skip; while foo < 4 do foo := foo + 5)
" while foo < 4 do foo := foo + 5)

S A



Small-Step Example

(o,foo := 3; while foo < 4 do foo := foo + 5)

(o', skip; while foo < 4 do foo := foo + 5)

(o', while foo < 4 do foo := foo + 5)

(0’ if foo < 4 then (foo := foo + 5; W) else skip)
(o',if 3 < 4 then (foo := foo + 5; W) else skip)
(o', if true then (foo := foo + 5; W) else skip)

(o', foo := foo + 5; while foo < 4 do foo := foo + 5)
(0’ foo := 3 + 5; while foo < 4 do foo := foo + 5)
(0’ foo := 8; while foo < 4 do foo := foo + 5)

(o', skip; while foo < 4 do foo := foo + 5)

< "

(0"

o”, while foo < 4 do foo := foo + 5)
,if foo < 4 then (foo := foo + 5; W) else skip)

A A A



Small-Step Example
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o, foo := 3; while foo < 4 do foo := foo + 5)
o', skip; while foo < 4 do foo := foo + 5)

g

!/

, While foo < 4 do foo := foo + 5)

o', if foo < 4 then (foo := foo + 5; W) else skip)

o', if 3 < 4 then (foo := foo + 5; W) else skip)

o', if true then (foo := foo + 5; W) else skip)

o', foo := foo + 5; while foo < 4 do foo := foo + 5)
o',foo := 3 4 5; while foo < 4 do foo := foo + 5)
o', foo := 8; while foo < 4 do foo := foo + 5)

/
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, skip; while foo < 4 do foo := foo + 5)

, while foo < 4 do foo := foo + 5)

,if foo < 4 then (foo := foo + 5; W) else skip)
,if 8 < 4 then (foo := foo + 5; W) else skip)



Small-Step Example
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, While foo < 4 do foo := foo + 5)

o', if foo < 4 then (foo := foo + 5; W) else skip)

o', if 3 < 4 then (foo := foo + 5; W) else skip)
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o”,if 8 < 4 then (foo := foo + 5; W) else skip)
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, while foo < 4 do foo := foo + 5)
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. if false then (foo := foo + 5; W) else skip)



Small-Step Example

o, foo := 3; while foo < 4 do foo := foo + 5)

o', skip; while foo < 4 do foo := foo + 5)

!/

o', while foo < 4 do foo := foo + 5)

/

, skip; while foo < 4 do foo := foo + 5)
0" while foo < 4 do foo := foo + 5)

"
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o', if foo < 4 then (foo := foo + 5; W) else skip)
o', if 3 < 4 then (foo := foo + 5; W) else skip)
o', if true then (foo := foo + 5; W) else skip)

o', foo := foo + 5; while foo < 4 do foo :=

o', foo := 8; while foo < 4 do foo := foo + 5)
o if foo < 4 then (foo := foo + 5; W) else skip)

o”,if 8 < 4 then (foo := foo + 5; W) else skip)
o’ if false then (foo := foo + 5; W) else skip)



Large-Step Semantics

Again, three relations, one for each syntactic category:

Unexp C Store x Aexp x Store
lgexp C Store x Bexp x Store

lcom C Store x Com x Store



Large-Step Semantics

(o,n) 4 n

o(x)=n

(o,x) 4 n

(o,e1) | n; (o,9) 4 ny n=n +n;

(o,e1+e)dn

(o,e1) I m (o,65) I ny n=n xXn,

(0,69 x e dn



Large-Step Semantics

(o, true) | true

(0, false) || false

(o,a1) I n (o,a:) 4 ny m <m

(0,01 < ay) | true

(o,a1) I m (o,a:) 4 ny n =n

(0,01 < a,) || false



Large-Step Semantics

Skip

(0,skip) | o



Large-Step Semantics

Assan {o,€) 4 n

(o,x:=¢e) | o[x— n]



Large-Step Semantics

Seq (o,c1) | o (o',c) | o

(0,crica) 4 o”



Large-Step Semantics

€T (0,0) | true (o,¢1) | o

(o,if bthen ¢ else ¢;) |} o

(o,0) | false (o,0) |} o

If-F
(o,if bthen ¢ else ¢;) | o



Large-Step Semantics

(o,b) |} false
(o,whilebdoc) || o

While-F

iy oD Ytre (0. 40! (o whilebdoc) | o”

(o,whilebdo¢) | o”



Command Equivalence

Intuitively, two commands are equivalent if they produce the same
result under any store...

Definition (Equivalence of commands)

Two commands ¢ and ¢’ are equivalent (written ¢ ~ ) if, for any
stores o and ¢, we have

(0,0) | o/ <= (o,c) 0.



Command Equivalence

For example, we can prove that every while command is
equivalent to its unfolding:

Theorem

Forall b € Bexp and c € Com we have

while b do c ~ if b then (c; while b do ) else skip.

We show each implication separately... [




