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Kernel Method 2

Recap: X —> 9
d-dlim D-dim D= d

(D=g o)

Linear in 9 &) Ls non-linear tn X

Never explicitly enumerate in feature space

rernel function: k (x,y) = ¢ (I)T¢ (y)

while ¢ () wmight be infinite dimensional,
RCx/tﬁ\ can be computed efﬁciewttg

€9. k(z,y) = (1+ a:Ty)p D =0 (d)
d
k(y) = [0 +2ae) D =02
a=1 _
How do we use this kernel trick?

SVM: " 1
Minimize Z max (O, 1— yinqb (372')) + C HWHS
1=1

Logistic Regression:

n
Minimize log (1 + exp (—yiw ¢ (x:))) + % w3
)

2

Linear Regression:
- A
’ ’ ’ T 2 2
Minimize > (w'o (@) — i) + Z lluwll;
i=1
If we can write Algo only in terms of buwner products (ip)
between data points, we can replace ip by kernel functions.




More generally :

A
Zf w'e (i), i) + 5wl

claim: w that minimizes L(w) admits form
n

w = Z ;i (x;)

Yor Sowme do == oy e R
(ie. w is in the span of ¢ (1) ..., ¢ (x,))

Proof: )
Sguo w = \A)_D T "‘LL Wher e Wp = é'd\; 47{?‘1')
, YR
Wp Liv span of data
Wi L to subspace containing data (ic wyl w,)
ya
¥, W) = Wp Pl
Ilw)j’i = llwglt + Wy ll,j’ + 2z wp'wy
5
Hencs
I_D (tu) — L.p( \/JD) 7+ ’L\J/LJJ_/): Lp[ )
2

Hence minimizer of L(w) will be in span of Data w.-

what does this buy us? W is still very high dim

(oven A )

fFor a nwew ‘PDLINt X, w' ¢ (z) = Z Qi (azi)Tgb (x) = Z aik (x, )
i—1 -

Hewnce Ls we had the o, then we can compute prediction
for any wew x vcsiwg OV\ILM kernel fuwctiow



TWo Ruestlons:

1.

can any function K%()(,g) be o kernel function
for some feature space?

2. How do we compute *s given data set D?

|. A function k is a kernel function if and only if

¥ X

f

%, and K the nxn kernel matrix given by K, ;e ICT

w. Alletgen values of K are non-negative

be 3 mateix P 5.(@ K = PTP

c. ¢ xelRd

But this is too much math!
&L\/e ws somethivg easter

(;

; XTKX >o

We can construct new kernels by recursively combining one or more rules
from the following list:

Q@ k(x,z)=x'z

@ k(x,z) = cki(x,2)

Q k(x,z) = ki(x,2) + ka(x, 2)
O k(x,2z) = g(k(x,2))

Q@ k(x,z) = ki(x,z)ko(x,2)
Q k(x,z) = f(x)ki(x,2)f(2)
@ k(x,z) = ekilx?)

Q k(x,z) =x"Az

where ¢ > 0 and g() is a polynomial with positive coefficients.



m} :

2. For any sets S1, 52 C {1
| Q

k(S1.S5) = e

How to findl o 's - "
Lets kernelize (Ride) Rggrecciom, w= ) ajp(z))
j=1
1 n
argmin = > (w0’ (z:) — ui) + = Jwl)?
w 2 ; \ ]
== [/ n N 2 A /n \
—argmin s Y [ (M) o) —u| +5 (Do \ (S o)
23 \ 7= “ = / \i=1 /
armin 23 (S a0 ) o —n) 23 e o) bl
¢ 41 =1 ) 4.7121 T
ku‘l )ﬂa) klxi}fvf)




n Jj=1 n
= arg m(jn % ; (; ol ; — yz) + = Z Z oo I

1=1 j=1
= argmoin% | Ko —yl5+ gaTKoz
Take gradient egquate to O
0=K(Ka—-y)+ \Ka
0=K(Ka—y+ Xa)
(K—F)\I)CV =Yy
a=(K+N) 'y

’ h - . .
Let us Rernelize SVYM: W = /2:: %+ A 95 (K, )

original form.:

&
i whw+ Zf@

s.t. Vi, v (w ¢ (x)) +b) =&, &>0

pual form:

m].n - E Oé@OéJyzyj 'L ] E az
al) aan

i,J

s.t. V1,0 < <, Zyiai:()



Dectsion function:  hsym (r) = sign (Z yicik (25, ) + b)
i—1

How to compute b?
‘PL(}}Q L s.t. J\/ >0  (support vector)

(wT¢ (i) + b) yi=1 , hewnce:

(Z yiob (z5) " ¢ (2:) + b) yi = 1

( Y0 5+ b) =i
=1

n

b=1yi— Z Y0 K

=1
K-NN vs SVM: Si millarily
/
hx—nn(z) = sign Z Yik—NN (2, ;) hsvm (z) = sign Z yicik(z, ;) + b
i=1 l/ i1 J
wcugo,r
_ $or @acl bras
R 1< Eeain >
5 90gS rq 71 O
h — N'\' 0\&/( 370”\/'

1. Often manyq; are 0, only few support vectors
2. SvMas a soft (and smarter) NN approach






