(ates and Logic

CS 3410: Computer System Organization and Programming

Comnell Bowers G~ [K, Bala, A. Bracy, G. Guidi, A. Sampson, E. Sirer, Z. Susag, and H. Weatherspoon]
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Simplified Computer Architecture

Processor Memory
CPU
Runs code; does computations Can’t compute anything
Doesn’t remember anything Stores data

Cornell Bowers C1S
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m How does add work?

RISC-V addi x5, x0, 10— x5 =x0+ 10
assembly mulixd, x5, 2 x5=x5"2
addi X9, X5, 15«—x5=x5+15

language

10 X0 x5  op=addi

RISC-V 00000000101000000000001010010011
00000000001000101001001010011111

machine  [eppeeeeEe1111P01010ACNA101PO10011
language 15 X5 x5 op=addi
EVERYTHING IS ANUMBER!

ey | Cornell Bowers CIS
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Goals for Today: Bottom Up!

* From Switches to Logic Gates to Logic Circuits

* Logic Gates
e From switches

e Truth Tables
* Logic Circuits
e From Truth Tables to Circuits (Sum of Products)
* |dentity Laws
* Binary Operations
e One-and four-bit adders
» Addition (two’s complement)

* Transistors (electronic switch)

Sy | Cornell Bowers CIS
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A switch

Acts as a conductor or insulator.

hl\l

Can be used to build
amazing things...

Y

Cornell Bowers CIS
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The Bombe used to break the German
Computer Science Enigma machine during World War
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Basic Building Blocks: Switches to Logic Gates

Cornell Bowers GIS
Computer Science
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Truth Table

A

B

Light

OFF

OFF

OFF

ON

ON

OFF

ON

ON
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Basic Building Blocks: Switches to Logic Gates

. ~ ~
A

—O——CO
B

20

*Ao/oﬁ
iO/G

Cornell Bowers GIS
Computer Science
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Truth Table

A B Light
OFF | OFF | OFF
OFF | ON ON
ON | OFF ON
ON [ ON ON
A B Light
OFF | OFF

OFF | ON

ON | OFF

ON [ ON




Basic Building Blocks: Switches to Logic Gates
+ ¢ Elther (OR)

Truth Table

A 0O0—0 A To [ion

OFF | OFF | OFF

OFF | ON ON

ABO I ON |OFF| ON
J ON |ON | ON

- Both (AND)

+
AO/ O A |B |Light
OFF | OFF | OFF

OFF |ON | OFF
B G ON |OFF | OFF
ON | ON ON

| Cornell Bowers CIS
w2 | Computer Science




Basic Building Blocks: Switches to Logic Gates
* Either (OR)

Truth Table

A

A |B |Light

OFF | OFF | OFF

OFF |ON | ON
B

ON | OFF ON

ON | ON ON

- Both (AND)

A A |B |Light
OFF | OFF | OFF

AND OFF |ON | OFF

B ON | OFF | OFF
ON |ON ON

| Cornell Bowers CIS
w2 | Computer Science




Basic Building Blocks: Switches to Logic Gates
* Either (OR)

A Truth Table

A |B |Light

S °1 o0=0FF

B 0 |1 1/ 1=0N
1 0 1
1 1 1
- Both (AND)
A A |B |Light
0 0 0
AND E 0
B 1|0 0
1 1 1

| Cornell Bowers CIS
w2 | Computer Science
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Basic Building Blocks: Switches to Logic Gates

A

B

AND

Cornell Bowers GIS
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George o'd'l'(1815-1864)

* Did you know?

* George Boole: Inventor of the idea
of logic gates. He was born in
Lincoln, England and he was the
son of a shoemaker in a low class

family.

11
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Takeaway

* Binary (two symbols: true and false) is the basis of Logic Design

Cornell Bowers GIS
Computer Science
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Building Functions: Logic Gates

* NOT: ——
A E
o AND Al B| out
O
0] 1 0
B— 10 0
OR: +——
A Al B| Out
0]0 0
B 0 1 1
. 110 1
* Logic Gates 1] 1

= digital circuit that either allows a signal to pass through it or not.
= Used to build logic functions
= There are seven basic logic gates:

AND, OR, NOT,

Cornell Bowers GIS
Computer Science
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Building Functions: Logic Gates

* NOT: ——
A D 0 1
1 0
* AND: Al B| out
A—] ofo]| o
B 1o 0
OR: na
A Al B| Out
ofo]| o
B of 1 1
. 1|0 1
* Logic Gates 1]

= digital circuit that either allows a signal to pass through it or not.
= Used to build logic functions
= There are seven basic logic gates:

AND, OR, NOT,

Cornell Bowers C1S NAND (not AND), NOR (not OR), XOR, and XNOR (not XOR) [later]
Computer Science




Building Functions: Logic Gates

* NOT: ——

A D 0 1
1 0 A B| Out
* AND: Al 8] out NAND: A—:>O_ il
0 1 1
T ~— B
OR B m— 110 0 111 0
) 1|1 1 NOR: Al B8] out

A

Al B| Out 01 © !
A 5 . B 0| 1 0
B ol 1 1 110 0
1o 1 1({ 1 0

* Logic Gates 1]

= digital circuit that either allows a signal to pass through it or not.
= Used to build logic functions
= There are seven basic logic gates:

AND, OR, NOT,

Gornell Bowers Ci1S NAND (not AND), NOR (not OR), XOR, and XNOR (not XOR) [later]
Computer Science




Which Gate is this?

Function:
Symbol:

a b Out

Truth Table:

(C) XOR %D

(D) AND 1

nor B ey
><k}

|Cornell Bowers CiS (E) NAND -
%2 | Computer Science

PollEV Question #1

Out

16



Activity: Logic Gates

* Fillin the truth table, given the following Logic
Circuit made from Logic AND, OR, and NOT gates.

* What does the logic circuit do?

Out

= | R R R|OlO|lO|O|®
RO ORI R|JO|OC|OT
ROl R—R|O|RFRLR|O|FRL|O| a

= DL
)
J

| Cornell Bowers CIS
“ty | Computer Science




Goals for Today: Bottom Up!

* From Switches to Logic Gates to Logic Circuits

* Logic Gates
* From switches

e Truth Tables
* Logic Circuits
e From Truth Tables to Circuits (Sum of Products)
* |dentity Laws
* Binary Operations
* One-and four-bit adders
» Addition (two’s complement)

* Transistors (electronic switch)

Sy | Cornell Bowers CIS
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Next Goal

* Given a Logic function, create a Logic Circuit that implements the
Logic Function...

 ...and, with the minimum number of logic gates

» Fewer gates: A cheaper (SSS) circuit!

Cornell Bowers GIS
Computer Science
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Logic Gates

NOT:

AND:

OR:

XOR:

Cornell Bowers GIS
Computer Science

Out

o

[y

Out

| =|l]lO|lO]|>

~|lo|lrRr|lo]lw

==l K= =1 N e]

Out

= | =]l]O|lO]|>

~|lo|lrRr|lo]lw

R |l=]l=]oO

Out

= | =]l]O|lO]|>

—|lo|l~|lolw

Ol |~ ]|O

20
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Logic Gates

- | - | o — | © — oo ]| -
-+ -+ -+
> > >
@) (@) (@)
[a1] — | o | Mnmjo |~ NMlpo|l-|lo| -
< ol H |~ <|o| o <|J]o|lo| ]|~
<< m < o
e o e o
) . a e
— sl1ele|le| 11 =1° 1 l1olel |~
= 3 3 3
@)
Mmlo|~|o| ~H mj]o —Al | jJo| ]| O
<]|©° <|J]o|lo|—~H]|~ <] © Al I <]o|o|H

NOT:

AND:

OR:

XOR:

Cornell Bowers CIS
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Logic Implementation

* How to implement a desired logic function?

alb|c| out
00|00 O
001 1
010, O
0O(1/1 1
100 O
101 1
1110 O
11/1| O

| Cornell Bowers CIS
w2 | Computer Science
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Logic Implementation

* How to implement a desired logic function?

albl c| out [minterm| 1) Write minterms
olofo] 0 | abc | 2) sumofproducts:
001 1 55C *  ORofall minterms where out=1
010/ 0 | abc

0(1/]1] 1 | abc

100/ O abc

10/1| 1 abc

110/ 0 | abc

11/1| 0 | abc

Cornell Bowers GIS
Computer Science
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Logic Implementation

* How to implement a desired logic function?

albl c | out Iminterml 1) Write minterms
ololol o Sbc | 2) sum Qf products:
— OR of all minterms where out=1
00/1] 1 | abc » E.g.out=abc+abc+abc
010/ O abc
01(1| 1 | abc 4m §T 1
100/ 0 | abc "N
10[1] 1 | abc 4 1 — out
1(1/0| 0 | abc '
11/1| O abc C

corollary: any combinational circuit can be implemented in two levels of logic
(ignoring inverters)

Cornell Bowers GIS
Computer Science
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Logic Equations
* NOT:

= out=a =la =-a

AND:
= out=a-b=a&b=aab

e OR:

= out=a+b=alb=avb

* XOR: B
= out=a®b=ab+ab

* Logic Equations
= Constants: true=1, false=0

= Variables: a, b, out, ...

E%raeglﬁgvﬁeézgﬁce Operators (above): AND, OR, NOT, etc.

25
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Logic Equations

* NOT:

= out=/a la =-a
* AND: NAND:

= outFa-b=la&b=anab  out¥a - (a&b) == (aab)
* OR:

NOR:

rouf=arbalbavh L t-aFb={a|b) == (avb)
* XOR: ~

» out3a@®b/=ab+ab XNOR:

e out\a®bFab+ab

* Logic EqUations

Constants: true=1, false=0

= Variables: a, b, out, ...

Cornell Bowers GIS
Computer Science

Operators (above): AND, OR, NOT, etc.

26



|dentities

Identities useful for manipulating logic equations

— For optimization & ease of implementation
at+0=
atl=
ata=

QO v QD
A= O
O

Cornell Bowers GIS
Computer Science
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|dentities

|dentities useful for manipulating logic equations
— For optimization & ease of implementation

(a+Db)

(a - b)

a+ab

a(b+c)

a(b + ¢)
Cornell Bowers CiIS
Computer Science
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Minimization Example

at0=a Minimize this logic equation:
atl=1
ata=1
atb)(atc) =
P (a+b)(a+c)
a*l =a
a-a =0
atab =
a (b+c)=ab + ac
(a+b)=aeb
(ab) =a+ b
B | s @b c) Satbec




Minimization Example  PpollEV Question #2

atl=a (a+b)(a+c) > a+bc
at+tl=1

ata=1

a-0 =0 How many gates were
a‘l =a required before and after?
ara =0

atab = BEFORE AFTER

a (b+c)=ab+ac (A) 20R 10R

20R,1AND  2O0R

- (B)
(a+b)=aeb (C) 20R,1AND  1O0R,1AND
— 7 (D) 2 OR, 2 AND 2 OR
(CLb) G+ [z (E) 20OR, 2 AND 2 OR, 1 AND
| Cornell Bower: a(b +e)=a+bec
ComputerSc.__




Checking Equality w/Truth Tables

circuits <« truth tables <» equations

Example: (a+b)(a+c) =a + bc
alb|c
0/0|0
0/0|1
0/1|0
011
1/0|0
1(0]1
1(1]0
(e ot el




Checking Equality w/Truth Tables

circuits <« truth tables <» equations

Example: (a+b)(a+c) =a + bc
alb|c
0/0|0
0/0|1
0/1|0
011
1/0|0
1(0]1
1(1]0
(e ot el




Checking Equality w/Truth Tables

circuits <« truth tables <» equations

Example: (a+b)(a+c) =a + bc /\‘/_\7\
alb|c| ath | a+c /LHS\ be /RHS\
olo[o]| o 0 0 0 0
olo[1] o 1 0 0 0
ol1/o0] 1 0 0 0 0
ol1]1] 1 1 1 1 1 +
1{oflo| 1 1 1 0 1
1]ol1] 1 1 1 0 \ 1
1010 1 1 | 1 0 \ 1
B gmoes [1)2]2] 2 | 2 [ \3) ] 1 [\2)

(
(



Goals for Today: Bottom Up!

* From Switches to Logic Gates to Logic Circuits

* Logic Gates
* From switches

* Truth Tables
* Logic Circuits
e From Truth Tables to Circuits (Sum of Products)
* |dentity Laws
* Binary Operations
* One-and four-bit adders
» Addition (two’s complement)

* Transistors (electronic switch)

Sy | Cornell Bowers CIS
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Next Goal

Binary Arithmetic: Add and Subtract two binary numbers

ey | Cornell Bowers CIS

Computer Science



Binary Addition (Revisited)

Addition works the same for all bases
* Add the digitsin each position
* Propagate the carry

Binary addition is pretty easy
« Combine two bits at a time
* Along with a carry

| Cornell Bowers CIS
w2 | Computer Science

1
183

+ 254
43(

Carry-in

11(1)Carry-out
001110

+ 011100
101010

36
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Binary Addition

* Binary addition requires
e Add of two bits PLUS carry-in
 Also, carry-out if necessary

Cornell Bowers GIS
Computer Science
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1-bit Half Adder
A B * Adds two 1-bit numbers
* Computes 1-bit result and 1-bit carry-out

* No carry-in

PollEV Question #3
What is the equation for C_, .7
A+ B
AB

A+ 1B

a)
b)
c) ADB
d)

) TAIB

e

38

| Cornell Bowers CIS
w2 | Computer Science




1-bit Full Adder
& E * Adds three 1-bit numbers

» Computes 1-bit result and 1-bit carry-out

out in e Can be cascaded

S  Fillin Truth Table
A B 1C [Cou |S * Create Sum-of-Product Form

e Draw the Circuits

S — Bl © el O mee
e O EEeN | e O e
— e [ G | G | e

Cornell Bower:
iy | ComputerS 1
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1-bit Full Adder
& E * Adds three 1-bit numbers

» Computes 1-bit result and 1-bit carry-out
» Can be cascaded

PollEV Question #4

What is the equation for C_,?
a) A+B+C,

D) IA+IB+1C._

| A®B®C,

ABC + ABC + ABC + ABC
ABC + ABC + ABC + ABC

Cornell Bower:

ComputerS 1 40

0 0 0
0 0 1
0 1 0
0 1 1
1 0 0
1 0 1
1 1 0

1 1
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4-bit Adder

0 O 0 O 1 1 0 1
A; B, A, B, A, B, A, B,
VS S S A S A
Cout <O— & <i <£ <—O C,
l l l l
S, 0 S, ] S, 0 So .

e Adds two 4-bit numbers, along with carry-in
 Computes 4-bit result and carry out
e 3+2=5

e Carry-out = result > 4 bits
| Cornell Bowers C1S 41
w2 | Computer Science




4-bit Adder

A, B, A, B, A B A B,
\i/ \i/ WV WV WV \ 4 ‘i’ ‘i’

Cout < < < < «—t C,
| | 0 0
S, S, S, S,
Build it
Al4] B[4]
| and
Coure— G box it!

L (Theme of 3410)
| Eornell Ei{owesrs_C-IS 5[4] 42
NS omputer science
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PolIEV Question #3

What's the largest sum you can calculate with a 4 bit adder?
(Give your answer in base 10. Assume unsigned numbers)

a) 4 Al4] B[4]

b) 1,111 ) |

c) 15 Cout< FCin
d) 16 0

e) 4000 S[4]

Cornell Bowers GIS
Computer Science
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Binary Subtraction

Why create a new circuit?

Just use addition using two’s complement math
How?

Sy | Cornell Bowers CIS

¢ | Computer Science



Binary Subtraction

Two's Complement Subtraction

* Subtraction is addition with a negated operand

* Negation is done by inverting all bits and adding one
A-B = A+(-B) = A+(B+1)

A, B, A, B, A, B, A, B,

Cout€— <— <— <— E —

Sty | Cornell Bowers CIS
| Computer Science 53 52 S1 So
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Binary Subtraction Add or subtract with

, , XOR gate |sub? | &, |newB,
Two's Complement Subtraction :
L . . 0 0 0
* Subtraction is addition with a negated operand
* Negation is done by inverting all bits and adding one 0 1 1
A-B = A+(-B) = A+(B+1) 1 0 1
A; Bs A, B, A, By Ay Bg 1 1 0
if subtracting, invert B,,
A 2 Y A 2 Y \ 4 Y A 2 Y
1
Cout€— <« <« < S
¢rsr | Cornell Bowers CIS v v v v
| C%r%eputzvesriience S; S, S; So 4




Binary Subtraction

, , XOR gate |sub? | &, |newB
Two’'s Complement Subtraction — OO
* Subtraction is addition with a negated operand
* Negation is done by inverting all bits and adding one 0 1 1
A-B = A+(-B) = A+(B+1) 1 0 1
A; Bs A, B, A, By Ay B 1 1 0

Add or subtract with

if subtracting, invert B,,

C 1 = subtract
o 0= add
Sery | Cornell Bowers CIS v v v W
| Computer Science S S, S, So 47




4-bit Adder with Two’s Complement

A[4] B[4]

y

Cout Cin

Sty | Cornell Bowers CIS
| Computer Science 5[4]




8-bit Adder with Two’s Complement

Al4] B[4] A[4] B[4]

\ 4

Cout < |‘7 < Cin

v v

Sty | Cornell Bowers CIS
| Computer Science 5[4] 5[4]




8-bit Adder with Two’s Complement

A[8] B[8]

y

Cout Cin

Sty | Cornell Bowers CIS
| Computer Science 5[8]




32-bit Adder with Two’s Complement

A[8] B[8] A[8] B[8] A[8] B[8] A[8] B[8]

VSN 2N SR Z0E 2R 2

Cout <™ 1 N

. J J J J
& Bt S[8] S(8] S(8] S[8]




32-bit Adder with Two’s Complement

A[32] B[32]

y

Cout Cin

Sty | Cornell Bowers CIS
| Computer Science 5[32]
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64-bit Adder with Two’s Complement

A[32] B[32] A[32] B[32]

\ 4

Cout < |‘7 < Cin

Computer Sien S[32] S[32]

53



64-bit Adder with Two’s Complement

A[64] B[64]

y

Cout Cin

Sty | Cornell Bowers CIS
| Computer Science 5[64]




Takeaway

EEE Digital computers are implemented via logic circuits and thus represent
d — E all numbers in binary (base 2).

We (humans) often write numbers as decimal and hexadecimal for
BT convenience, so need to be able to convert to binary and back (to
understand what computer is doing!).

— Adding two 1-bit numbers generalizes to adding two numbers of any size
l‘?". since 1-bit full adders can be cascaded.

ey | Cornell Bowers CIS
3%.\,:
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Goals for Today: Bottom Up!

* From Switches to Logic Gates to Logic Circuits

* Logic Gates
* From switches

e Truth Tables
* Logic Circuits
e From Truth Tables to Circuits (Sum of Products)
* |dentity Laws
* Binary Operations
* One- and four-bit adders
« Addition (two’s complement)

* Transistors (electronic switch)

Sy | Cornell Bowers CIS

&£+ | Computer Science



‘\Q\‘\,umy%

S

51 %)

) ‘::’ 5
60 )
Q8 A2

Silicon Valley & the Semiconductor Industry

e [ransistors:

e Youtube video “How does a transistor work”
https://www.youtube.com/watch?v=IcrBgCELHIY

* Break: show some Transistor, Fab, Water photos

Cornell Bowers GIS
Computer Science
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https://www.youtube.com/watch?v=IcrBqCFLHIY

Transistors 101

Source Gate Drain Source Gate Drain

P-Transistor Off P-Transistor On

N-Type Silicon: negative free-carriers (electrons)

P-Type Silicon: positive free-carriers (holes)

P-Transistor: negative charge on gate generates electric field that
creates a (+ charged) p-channel connecting source & drain

N-Transistor: works the opposite way

Metal-Oxide Semiconductor (Gate-Insulator-Silicon)

* Complementary MOS = CMOS technology uses both p- & n-type
transistors

Cornell Bowers CIS

Computer Science .
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CMOS Notation

N-type OFf/Open On/Closed
gatglﬁ‘ o ' %
P-type
Off/OpenJ) On/Closed
gate q 1—o|? 0 %

Gate input controls whether current can flow between the
other two terminals or not.

Hint: the “0” bubble of the p-type tells you that this gate
wants a 0 to be turned on
| Cornell Bowers CIS

Computer Science
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PollEV Question #6

Which of the following statements is false?

(A) P-and N-type transistors are both used in CMOS designs

(B) Astransistors get smaller, the frequency of your processor will
keep getting faster

(C) Astransistors get smaller, you can fit more and more of them on a
single chip

(D) Puresiliconis asemiconductor
(E) Experts believe that Moore’s Law will soon end

| Cornell Bowers C1S 50
w2 | Computer Science



2-Transistor Combination: NOT

* Logic gates are constructed by combining transistors in
complementary arrangements

* Combine p&n transistors to make a NOT gate:
CMOS Inverter :

power source (1) power source (1) power source (1)
— -gate --
p-gate p-ga p-gate
_OI _4 closes stays open
_ — — o

input output 0 1 1 .

_ n-gate n-gate

—| I: n-gate _—| S tgys open + closes
ground (0) ground (0) ground (0)

Cornell Bowers GIS
Computer Science
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Inverter

=% | Cornell Bowers CIS
& | Computer Science

(aka logic 1)

jEE

—_—0

in —4¢ 37 out
—

(ground is logic 0)

Function: NOT
Symbol:

in 4[>w out

Truth Table:
In | Out
0 1
0

62
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NOR Gate

Cornell Bowers GIS
Computer Science

supply

.Juq

Hi

out

Function: NOR

Symbol:

a
out
D

Truth Table:
A |B |out
010 1
0|1 0
110 0
1|1 0

63



Which Gate is this?

VSUPply Vsupply
A_OH B_c,”
out
]
B
A — |
(A) NOT I>o-
(B) OR >
(C) XOR >
(D) AND T
g2z | Comell Bowers IS (E) NAND I
| C[t])rgleputogesriienc((a )

PollEV Question #7

Function:
Symbol:

Truth Table:

out

= (=] OO

B
0
1
0
1

64
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Building Functions (Revisited)
e NOT: _|>o_

- AND: 1 -
* OR: D

* NAND and NOR are universal

= Canimplement any function with NAND or just NOR gates

Comell Bowers C1S = useful for manufacturing
Computer Science
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Building Functions (Revisited)
e NOT: [ et )o—

+ AND: 1 > o] T
+ OR: 5> bDo_|>o_

* NAND and NOR are universal

= Canimplement any function with NAND or just NOR gates

Conell Bowers C1S = useful for manufacturing
Computer Science
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Logic Gates

Cornell Bowers GIS
Computer Science

L 0 O O O
E

* One can buy gates

separately

* ex. 7T4xxx series of integrated
circuits

« cost~S1 per chip, mostly for
packaging and testing

 Cumbersome, but
possible to build devices
using gates put together
manually

6/



Then and Now

10-core GPU

§ I = = MNext-generation architecture
4 performance cores I\ i Dynamic Caching
' ' ' e £ Mesh shading

Ray tracing

Improved branch prediction
Wider decode and execution engines
Mext-generation ML accelerators

6 efficiency cores _ Display engine

R (] Tandem OLED support
Neural Engine I Brightness and color compensation

10Hz-120Hz ProMotion support
16-core design

Faster and more efficient

https://en.wikipedia.org/wiki/Apple_M4
https://en.wikipedia.org/wiki/Transistor_count

The first transistor Apple M4

« Oneworkbench at AT&T Bell Labs « 28 billion transistors, 3nm

o 1947 « 177 square millimeters

- Bardeen, Brattain, and Shockley « 4x-10x performance, 4x-6x efficiency, 8x-40x GPU, 16x Neural processing cores
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Big Picture: Abstraction

* Hide complexity through simple abstractions
* Simplicity
* Box diagram represents inputs and outputs
« Complexity
* Hides underlying NMOS- and PMOS-transistors and atomic interactions
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Summary

* Most modern devices made of billions of transistors
* You will build a processor in this course!
* Modern transistors made from semiconductor materials
* Transistors used to make logic gates and logic circuits

* We can now implement any logic circuit
* Use P- & N-transistors to implement NAND/NOR gates
» Use NAND or NOR gates to implement the logic circuit
 Efficiently: use K-maps to find required minimal terms
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