Theory Qualifier

January 16, 2001

Instructions

Please read these instructions and all questions CAREFULLY before proceeding. 

You will have 2 ½ hours. The exam is closed book. All questions are of equal weight. You must attempt to answer all of them to earn an unconditional pass. All algorithms should be accompanied by a proof of correctness and running time analysis, unless otherwise instructed. 

The questions will be graded according to the following criteria in order of importance:

1. Correctness and completeness

2. Clarity, precision, and conciseness.

Partial credit will be awarded where appropriate, so be sure to show all work. Unclear or irrelevant arguments will be penalized.

GOOD LUCK!
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Theory Qualifier

1. Let C be an oracle that, when given a description of a Turing Machine M as input, responds with a "yes" if L(M) is context-free, and "no" otherwise. Show that there exists an algorithm with access to the oracle C that, when given a description of a Turing Machine M and a string x responds with a "yes" if x is in L(M), and "no" otherwise. (No running time analysis is needed.)
2. Let A be an n-by-n matrix with integer entries. We say that A is rearrangeable if, by permuting the rows and then permuting the columns of A, we obtain a matrix in which every entry on the main diagonal is non-zero. Give a polynomial-time algorithm to determine if a given input matrix is rearrangeable.

3. Given n points x1, x2, ..., xn on a line, we say that a subset S of these points is feasible if the distance between each pair of points in S is at least 1. If you include point xi in the set S you get a benefit vi .  Give a polynomial time algorithm that takes as input the points x1, x2, ..., xn on a line, and the values v1, v2, ..., vn , and finds a feasible subset of maximum total benefit. You may assume that the distance between two points can be computed in constant time.
4. Prove that the following problem is NP-complete. You are given a graph G, and integer k. Decide if there exists a set S of k nodes in G such that the distance between each pair of nodes in S is at least 3, where distance is the minimum number of edges in a path between them. For example, in the graph below the two dark nodes form a largest set of nodes satisfying this condition.


