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1. INTRODUCTION

An expander graph is a regular graph of low degree such that the graph is well-connected in
some sense. For a d-regular graph G, define A\(G) as the second largest eigenvalue of the nor-
malized adjacency matrix of G. An infinite family of graphs G, is called a spectral expander
family if A\(G,,) < ¢ for some constant ¢ < 1. For brevity of notation, we say that a d-regular
graph G on n vertices is an (n, d, t)-graph if A <t.

The construction of explicit infinite families of expander graphs is of significant interest, as
such constructions give rise to pseudorandom generators, codes, and other useful objects][1],
[2]. A breakthrough in 2002 by Reingold, Vadhan, and Wigderson demonstrated a powerful
new technique for constructing such families inductively via a novel combinatorial product, the
zigzag product, with the property that, if G is a (ny,ds,t1)-graph and H is a (dy, da, t2)-graph,
then the zigzag product H @ G is a (n1dy, d3,t1 + ta)-graph [3].

While the zigzag product gives a combinatorial construction for expanders, there is interest
in generating expander graphs with more algebraic structure; we would like to exhibit families
of expanders which are Cayley graphs of some infinite family of groups. To this end, Alon,
Lubotzky, and Wigderson demonstrated that the standard semidirect product on groups can,
under suitable choices of generators, give a zigzag product on the Cayley graphs of the groups
[4]. However, at the time there was no known explicit construction of Cayley expander graphs
suitable to act as the seed for this inductive construction. More recently, Kassabov [5] gave
generating sets of S,, and A,, of bounded size, from which Rozenman, Shalev and Wigderson [6]
constructed a fully explicit family of constant degree Cayley expanders. In this paper, we will
explore the construction of Rozenman, Shalev and Wigderson’s family of Cayley expanders and
the key ideas used in their paper. At the end, we will briefly discuss their extension of the Cayley
graph construction to Schreier graphs, which has the additional property that each graph lifts
into the next graph.

2. BACKGROUND

2.1. Graph Theory. We briefly recall the definition of the zigzag product of an (n,d;,t1)-
graph G and a (dy, da, t2)-graph H. Here, observe that the degree of G must be the number of
vertices of H (a slightly more general definition which allows G to be the edge disjoint union
of |V(H)|-regular graphs on the same vertex set can be found in [4]). To each tuple (v,e) of a
vertex v € V(@) and an edge e € E(G) incident to v, assign a number in [d;] so that for a fixed
vertex vy, the set of tuples {(v,e)} are collectively assigned [d1]. The zigzag product of G and
H, first defined in [3], is denoted G'(Z) H, and is the graph on vertex set V(G) x V(H), with an
edge between (v,4) and (w, j) precisely if there is ¢/, ;" € V(H) so that (i,4), (4,5') € E(H) and
an edge e = (v,w) € E(G) so that (v, e) is assigned ¢’ and (w, e) is assigned j'.

This zigzag product has nice properties; one is that G @ H is an (ndy,d3,t1 + t2)-graph. For
a graph G, define G2 to be the graph with vertices V(G) and edges corresponding to paths
of length exactly 2. If N is the normalized adjacency matrix of G, then N? is the normalized
adjacency matrix of G2. Thus, if G is an (n,dy, t)-graph, then G? is an (n, d2,?)-graph.

Following [3], this is enough to combinatorially construct expander graphs: simply fix a
(d*,d?,1/5)-graph H, define G1 := H? and G,.1 = (G,)?@ H. With a bit more work, a
1
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similar construction gives explicit families of expander graphs: neighborhoods of G,,41 can be
computed in polylog (|[V(Gp+1)|) time.

2.2. Group Theory.

2.2.1. Commutators. We will see that in many of the constructions that we present, there is
a clear degenerate case when the groups involved are abelian. In fact, no infinite family of
expanding abelian Cayley graphs can have constant degree, and random abelian Cayley graphs
are disconnected with high probability [7]. In order for the main construction to work, all of
the groups involved need to have the “commutator” property, which in some sense implies that
a group is “very” non-abelian.

Definition 2.2.2. A commutator [a,b] € G is defined as (ab)(ba)~! or equivalently aba='b=1.

Definition 2.2.3. We say a group G has the commutator property if every element g € G
can be written as g = [a,b] for some a,b € G.

Note that if @ and b commute, then [a,b] = 1, and in an abelian group there are no nontrivial
commutators. Also note that the commutator property is stronger than the common group
theoretic notion of a “perfect group”, which requires only that the commutators of G generate
G.

A recent result relying on the classification of simple groups showed that in fact every finite
simple non-abelian group has the commutator property, which is promising for future construc-
tions of this nature [8].

We will see in Section 5 an algorithm for solving the commutator equation g = [a, b] for the
groups of interest to this paper.

2.2.4. Semidirect and Wreath Products. We assume that the reader is familiar with groups and
group actions. Recall the semidirect product:

Definition 2.2.5. Consider two groups K, H with a fixed group action ¢ of K on H. Then,
the group H x, K is the set H x K with the operation

(hi,k1) - (ho, ko) = (h1(ky1 - ha), k1k2).

We call this group the semaidirect product of H and K. When the group action is obvious, we
stmply write H x K.

For our purposes, we care about a specific example of a semidirect product, the wreath
product.

Definition 2.2.6. Suppose that A is a group and B is a subgroup of Sy, the group of permu-
tations on d elements. Then, denote by A% the direct product ngl A. The group action of B
onto {1,...,d} extends to a group action on elements (ay,...,aq) € A% by, for 7 € B,

T (a17 s ,CLd) = (a’r(l)v oo 7a7'(d)) :
Then, we call the semidirect product A* x B with this group action the wreath product Al B.

The wreath product can be defined directly, without using the semidirect product, which can
help to give a more intuitive idea of how it works. With A and B C S, as before, we can define
A B as the group with elements (aq,...,aq4,7), with a; € A and 7 € B and with the operation

(aty...,aq,7) " (b1,...,bg,0) = (ale(l)7 .. ,ade(d)jTU) )

Thus, we can think of the wreath product as pointwise multiplication of vectors in A% with the
second vector permuted by 7, and then with the product of 7 and ¢ appended at the end.
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2.3. Cayley Graphs. Given a group G and a (multi-)set of generators Y C G, one can con-
struct its Cayley (multi-)graph, denoted C(G,Y’), to be the directed graph whose vertices
are elements of G and whose edges connect g to h if and only if g~ 'h € Y. If the element
g~ 'h appears with multiplicity m in Y, then C(G,Y) will have m many directed edges from
g to h. Notice that if Y is symmetric, that is, g 'h € G has the same multiplicity in Y as
(g7th)™! = h7lg € G, then C(G,Y) will have m many directed edges from g to h precisely
when it has m many directed edges from h to g. Thus if Y is symmetric we can think of
C(G,Y) as an undirected multigraph, with m edges between g and h. Note that according to
the definition here, edges are of the form (g, gy) for g € G and y € Y. So we see that the set of
outgoing edges from a vertex ¢ is given by right multiplication by generators.

In this construction, we give a family of groups {G;} and generating sets {7;} so that C(G;, v;)
form an expanding family. For ease of exposition, we introduce a nonstandard definition:

Definition 2.3.1. For a group A and permutation group B < Sy with a € A* <1 A1 B and a
subset 5 C B < A1 B, define

(@, B) = {zay: z,y € B},
where x,a,y and multiplication are to be interpreted as inside Al B.

For a € A%, we use the notation B-a:= {b-a: b € B} for the B-orbit of a. Note that inside
the group A B, the group action of B is given by conjugation, i.e. b-a = bab™!.
A central theorem of this construction is the Cayley analogue of the zigzag theorem:

Theorem 2.3.2. For any group A and permutation group B C Sy

We will see a sketch of a proof in the next section.

3. THE FAMILY OF EXPANDERS

To construct a family of Cayley expander graphs, Rozenman, Shalev and Wigderson define
a sequence of groups {G;}?2, along with generating sets {v;}32; such that {C(G;,v:)}2, form
an expanding family. Crucial to this construction is the observation

Lemma 3.0.1. C(A1B,~(a,B3)) = C(A4, B -a) @ C(B, B).

Proof. The vertex sets are trivially equal, since both are defined to be A% x B.

Note that because the generating set for A% is a single B-orbit, there is a natural labeling of
the edges near an element a € A? by elements in B, where we label the edge (a,a(b-a)) as b.
We then replace each vertex of the graph of A% with a cloud of B, with the b-th edge of a being
replaced by (a,b).

By the definition of the zigzag product, every edge is given by a “zig” from (a,0) € Al B to
(a,07), then a “zag” specified by the label, i.e. (a(07-a),o7) then a final “zig” to (a(o7-a),o7().
Inside the group A B we see that (a(o7 - a),07¢) = (a,0)(1,7)(a,1)(1,¢). This is clearly of
the form (a,o)zay for every x,y € (B, which is exactly the set of neighbors for an arbitrary
vertex (a, o) that are produced by the generating set y(a, 5). Thus, the vertex sets are identical
and the neighbors of every vertex are identical, so the two sides of the equation are equal as
graphs. O

As a corollary, this implies Theorem 2.3.2 via the expansion properties of the standard zigzag
product.

With this in mind we define G; := Ay and G411 = G, ! Ag. To define 7,41, we will
define 3 C Ay and a, € G, so that A\(Ag, 8) < 1/1000 and A((G,)?, Aq - a) < 1/50. Thus
MGn U Ag,y(an, B)) < 1/1000 + 1/50; define v,,41 := {xy: =,y € v(a,§)} so that

MG VAg, Yns1) < (1/1000 + 1/50)% < 1/1000.
Furthermore, 8 can be chosen so that |3| < d'/?8/10%, so |y(an, 8)| = |]? and

Ynt1] < [v(an, B)* = |B]* < d"/7/10%
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for every n; this means that the C(G;, ;) are constant degree expanders.

Recently, Kassabov in [5] showed that for some d < 10109, such a 8 C Ay exists. It is left to
define a suitable a,, (or equivalently, a suitable Ag - a,,); we want A\((Gy,)?, Ag - a,) < 1/50. To
do so, we need:

Definition 3.0.2. Let G be a group and let Y C G so that d > |Y|. Define Y@ to be the set of
balanced vectors, that is, the vectors (v1,...,vq) C G? such that each u € Y appears precisely
|d/|Y'|| times and the rest of the elements are 1 € G.

It is easy to see that any Y (9 is an Ag-orbit, as long as d is sufficiently large (d > 2|Y| will
do). Now, for each a € Y,,, write a = [z, ys] and define the set

Y= | {2avar 0 va 2 e vaa} U {1}
acyn
Now, for some constant ¢ € N to be chosen later, we can define
Xpi=(c- YUY,

where c-Y,, is the multiset consisting of repeating Y,, precisely ¢ times. Then Rozenman, Shalev
and Wigderson prove:

Theorem 3.0.3. Define A\, := MNGn, V). If d > E?|X,|7, then

A ((Ga) (X)) < 0.01 4 max { A": T exp <_kc<1106_m) }

Thus, a suitable a, can be defined by picking ¢ = 10% and & = 10°. We remark that
|Xon| < (c+7)|yn| < dV7/10%; thus k2| X,,|” < k%(c+7)7d/10?®° < d and the assumption in the
above theorem is always true (for the choice of parameters ¢ = 10 and k = 10°).

4. GENERATING SETS OF G¢

In Rozenman, Shalev and Wigderson’s proof of Theorem 3.02, they break into two cases.
Denote by W(G) the vector space of real valued functions equipped with the Lo inner product.
Then, to show the theorem, we must see that for all w € W(G9), with ||w| = 1, either

7
B exco [Pa(w)l] < 0.01+ A+ >

or
B eyt [Pe(w)]]| < 0.01 4 ¢~ he=2/10°

Ultimately, they find that it is sufficient to prove this for all w € Wi@T ® m(ﬁ(d_r), where W)

is the subspace of constant functions and W, is the orthogonal complement of W. Thus, they

can break into two cases based upon r. When r is small, that is, » < 0.1,/d/|X]|, the proof
follows somewhat quickly, and does not depend upon our choice of G. The tricky case is the
case of r large. As has been the theme, the statement does not hold for abelian groups; here,
then, we must leverage the properties of our chosen family of graphs. The strategy used is to
first show that G x G is an expander, and then reduce the G? case to the G x G case.

To see that G x G is an expander, first we give the following definition:

Definition 4.0.1. ForY C G, with G a group, define Y = {(y,y HyeY}.

In this section, we will denote by Y* the set obtained by the same construction as for ~;;.
With these definitions in hand, we can obtain the following theorem:

Theorem 4.0.2. If \(G,Y) < 1 —¢, and all elements of Y are commutators of G, then

— €
)<l — ————
MG x G, Y*) <1 2V
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As Rozenman,NShaIev and Wigderson note, this theorem fails in abelian groups; Y can
generate G, but Y will only generate {(g,97%)|g € G} in this case. Likewise, {(y,y)ly € Y}
generates {(g,9)|g € G}, rather than the whole of G. The problem, as they note, is that the
coordinates here are highly correlated. It is somewhat surprising, then, that the commutator
property is sufficient to break this correlation and allow us to generate the whole group. To
see why this theorem holds, note that Y contains, for all y € Y, ay, by, and a, lb; 1 and note

y = [ay, by]. Thus, if Z is the set of length 3 words in Y*, we find that we can write

(y:1) = (ay, ay ) (by, by ) (ay 0y (a0, )7,
so (Y,1) € Z. Likewise, we find that (1,Y) C Z. Thus, because we had the commutator

property, we are able to take the set }7*, where we would expect the coordinates to be correlated,
and instead use the set {(Y,1) U (1,Y)}, where the coordinates are uncorrelated. Because of
this, we can find that

C(G x G {(Y,1)U(L,Y)}) C C(G x G, 2),

so we can bound the spectral gap of C(G x G, Z) and use this to prove Theorem 3.0.2. The
proof of the reduction of the G¢ case to the G x G case is fairly computationally involved, so
we will omit it.

5. COMMUTATORS

In order for the construction to be explicit, we need an efficient algorithm for constructing
an expanding generating set o C G% that is a single B-orbit. We have seen that this is possible
if we can find a polynomial time algorithm for solving the commutator equation a = [b, ¢] for
all @ € G,. This algorithm will be defined inductively on n. For the base case, a result of [9]
gives an algorithm for the commutator equation in A, for d > 5.

Nikolov [10] showed that if A and B have the commutator property, then so does A B. We
would like an algorithmic version of this theorem. Given an oracle to the commutator algorithm
for A and B, we want to find a commutator algorithm for A B that is poly-logarithmic in the
order of A B.

As a matter of notation, since A, A% and B are isomorphic to subgroups of A1 B, we will
sometimes conflate these groups with their respective inclusions in the wreath product.

First, note that every element in A? B can be expressed uniquely as a product Sa for g € B
and o € A, with (a1,...,a4,0) = (14,...,14,0)(a1,...,aq,15). Thus, we need to solve the
equation fa = [bix, bey]. Projecting [biz, boy] into B, we note that the B-component of the
commutator must be [by, ba]. One can check that

(b1, bay] = [b1, bo]a” Y722~ 75y~
o1 = boby thy oy =03 ="by by oy = by
where z% denotes the conjugation by some o; € B, or equivalently the action of o; on = by
permutation of its coordinates. We have by our hypothesis an oracle for [by, bs], so we need only
find solutions x and y to @ = x71y%2x =3y~ %4,

For this Rozenman, Shalev, and Wigderson give a general algorithm, which we present an
outline of:

Lemma 5.0.1. For permutations oy,02,03,04 € Sq and a = (aq,. .., aq) € A%, there exists an
algorithm which solves the system of equations

-1 -1
Qi = Loy (i) Yoo (i) L oq (1) Yoy (1) (1)
for1<i<d

Proof. Note first that each z;, z; Ly, v L appears exactly once in the system of equations. We
would like to have a system of independent equations, i.e. each z; is found in the same equation
as x; ! and similarly for the y;. This can be achieved by substitution; for each z; not in the
same equation as its inverse, solve for x; in one equation and substitute it in the other. This
gives a reduced set of independent equations.
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Given this system, a theorem of [10] says that every equation contains a “hidden commutator”
of the form §, = Clmi@ngg,xi_lgyj_l@ for some z;,y;. We can then transform this by a change
of variables into a true commutator equation. Set Z; := (3x;(4 to see

00 = CG1CalTs, U51¢3¢2Cs
%3, 5] = (C1€a) " 0e(C3als)

Using our oracle for commutator equations in A, we can solve this for Z; and then recover x;
via the change of variable equation. Thus, we can find z; and y; for all 4, and so we have the
z,y € A% that solves the commutator equation in the wreath product.

In all, this algorithm runs in time polylog (|G |) for all n, and thus is explicit. O

6. SCHREIER GRAPHS AND LIFTS

Another significant set of graphs which are described algebraically are the Schreier graphs.
Rozenman, Shalev and Wigderson define them as follows:

Definition 6.0.1. Fiz a finite group H and a subgroup H'. Let U be a symmetric set of
elements in H. Then, Sch(H, H',U) is the graph with vertex set H/H' and edges (¢H',ugH'),
with g € H andu € U.

This will be a |Ul|-regular graph. Notice that if H' is trivial, then this is just the Cayley
graph C(H,U). Furthermore, they show that A\(Sch(H, H',U)) < A\(C(H,U)), so we can study
the spectral gap of all the Schreier graphs of H just by studying the spectral gap of the Cayley
graph of H.

We define the following sequences of groups as Rozenman, Shalev and Wigderson do:

Definition 6.0.2. For some K a subgroup of Sq, let K1 = K and K,,11 = K, K. Let T, q be
the rooted depth n d-regular tree. Let Sym(n,d) be the symmetry group on T, 4. Then, let E,
be the leaves of T), q; note that Sym(n,d) acts naturally on E,.

Ultimately, they use these to give a similar theorem as for Cayley graphs:

Theorem 6.0.3. For a generating set Q C K satisfying that |Q| < d'/*/2 and \(K, [d], Q) < 1/4,
then there exist sets Qp C K, with A(Ky, E,, Qn) < 1/4, and Q,, is computable in polylog (| Ey|)
time.

This theorem is proven using the zigzag product, as was done using Cayley graphs. Such
sets () exist for many groups K; the authors go on to see specifically that, for K = Sy with d
sufficiently large, such a @) exists. This is done by noting that the probability that, for d > 100,
a random subset of 100 permutations satisfied the needed property with probability at least
1/2, which was shown by Friedman in [11].

Now, we define what it means for a graph to lift.

Definition 6.0.4. Let X be a graph on vertices vy, ...,v,. Then, a d-lift of X is a graph Y
with vertices w; i, for i € [n],k € [d]. Note that there are nd such vertices. Then, the edge set of
Y is given by, for all e = (vi,v;) in the edge set of X, the edges (wik, W; s ) for all k, with
oe € Sq. We call for any fized i the set {w; x|k € d} the fiber above v;.

Rozenman, Shalev and Wigderson then describe some properties of lifts. Note that if X is
d-regular, then a lift of X is also d-regular by definition. Lifts are transitive, in that if X lifts
to Y and Y lifts to Z, then X lifts to Z. Finally, they note that A(Y) > A\(X) if Y is a lift of
X.

The question is, then, what are interesting examples of lifts in graphs? As it turns out, the
set of Schreier graphs they gave above satisfy this lifting property:

Theorem 6.0.5. Sch(K,, E,, Q) d-lifts to Sch(Kp+1, Fnt+1, Qn+1)-

Then, letting K = Sg where d > 4 -100%. The Q shown to exist earlier will work for this
construction. This is shown inductively, and hinges on the existence of an infinite set ()o,. This
set has the following property:
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Theorem 6.0.6. There is a natural map from Sym(n,d) to Sym(k,d), given by restricting
7 € Sym(n,d) to the first k levels of Ty, 4. We call this map the restriction map. We can also
define Sym(oo,d), the group of symmetries on the infinite d-reqular tree. Then, there exists a
subset Qo of Sym(oo,d) such that, for all n, Qy, is the restriction of Qs to Sym(n,d).

Using this, Rozenman, Shalev, and Wigderson obtain a sequence of expander graphs with
the desired lifting property. This exemplifies the potential of the wreath product construction.
Though we originally used it to construct Cayley expanders, it can be used to produce other
types of expanders too, which may themselves have other interesting properties.

7. FUTURE DIRECTIONS

While the construction of Rozenman, Shalev, and Wigderson is explicit in the sense that the
neighbors of a vertex can be found in time polynomial in the length of the index of the vertex,
the construction suffers from large constants in that the main theorem holds only for A; with
d> 10109, and thus the smallest usable seed group in this construction has size (10109)! which is
too large for any practical application. Thus, we should be interested in other similar iterative
constructions using the semidirect product but with alternative seed groups. The recent proof
of the Ore conjecture gives hope that possibly some other family of finite simple groups may
give rise to an analogous expander family. Using the semidirect product construction, [4] shows
that expansion is not a group property, that is there exist groups for which only certain bounded
size generating sets give rise to expanding Cayley graphs. Thus, constructing expanding Cayley
graphs is as much an exercise in constructing good generating sets as it is about choosing
amenable families of groups.
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