
Mathematical Foundations of ML (CS 4785/5783)
Lecture 1

Setting up the Learning Problem

http://www.cs.cornell.edu/Courses/cs4783/2023fa/notes01.pdf



TRADITIONAL COMPUTER SCIENCE

Task 
Eg. Sorting

Input 
Eg: 2, 4, 3, 8, 7

Output 
Eg: 2, 3, 4, 7, 8



MACHINE LEARNING

Task 
Eg. Object recognition

Output 
Prediction of label 

“cat”

Input 
New input instance

Input 
A set of input/output pairs

, “cat”

, “cat”

, “dog”

, “dog”



WHAT IS MACHINE LEARNING

“The field of study that gives computers the ability to learn without being explicitly 
programmed”  - Arthur Lee Samuel 

“A computer program is said to learn from experience E with respect to some class of 
tasks T and performance measure P, if its performance at tasks in T, as measured by P, 
improves with experience E”  - Tom Mitchell



LEARNING PROBLEM : BASIC NOTATION

Input space/ feature space : X
(Eg. bag-of-words, n-grams, vector of grey-scale values, user-movie pair to rate)

Feature extraction is an art, . . . an art we won’t cover in this course

Output space/ label space Y
(Eg. {±1}, [K], R-valued output, structured output)

Loss function : ` ∶ Y ×Y � R
(Eg. 0 − 1 loss `(y ′, y) = 1{y ′ ≠ y}, sq-loss `(y ′, y) = (y − y ′)2), absolute loss
`(y ′, y) = �y − y ′�

Measures performance/cost per instance (inaccuracy of
prediction/ cost of decision).

Model class/Hypothesis class F ⊂ YX
(Eg. F = {x� f�x ∶ �f�2 ≤ 1} , F = {x� sign(f�x)})



TWO SCENARIOS
Universe of instances

U

<latexit sha1_base64="zIjeDQAgsIa/XGRLtLsJizGceXE=">AAACGnicbVBNSyNBEO1RV7PZVaMe99IYhD1ImBFRj35cPC0RjAqZMPT01MTG/hi6a8Qw5Hd48a948aAs3sSL/8ZOzMGvBwWP96qoqpcWUjgMw5dganrmx+xc7Wf91+/5hcXG0vKJM6Xl0OFGGnuWMgdSaOigQAlnhQWmUgmn6cXByD+9BOuE0cc4KKCnWF+LXHCGXkoaUYxwhVZVe8rovkPqAKnJqTIZSEeHcZUn0XosM4NuPU/+xcOk0Qxb4Rj0K4kmpEkmaCeNpzgzvFSgkUvmXDcKC+xVzKLgEob1uHRQMH7B+tD1VDMFrleNXxvSNa9kNDfWl0Y6Vt9PVEw5N1Cp71QMz91nbyR+53VLzHd6ldBFiaD526K8lBQNHeVEM2GBoxx4wrgV/lbKz5llHH2adR9C9Pnlr+RkoxVttTaPNpu7+5M4auQPWSV/SUS2yS45JG3SIZxck1tyTx6Cm+Au+B88vrVOBZOZFfIBwfMrhJShJw==</latexit>

Amongst set of models {f1, . . . , fN}
<latexit sha1_base64="ml0TFdlsJJte7SHImMAiGKvYw34=">AAACFHicbVC7SgNBFJ2N7/hatbQZDIIohF0Jahm0sVTIC5IYZid3zZCZ3WXmrhiWfISNv2JjoYithZ1/4+RRqPHAwOGce7lzTpBIYdDzvpzc3PzC4tLySn51bX1j093arpk41RyqPJaxbgTMgBQRVFGghEaigalAQj3oX4z8+h1oI+KogoME2ordRiIUnKGVOu5RC+EetcoqPdBAhaHYA5qADoEjVXEXJB2GnUzcHA47bsEremPQWeJPSYFMcdVxP1vdmKcKIuSSGdP0vQTbGdMouIRhvpUaSBjvs1toWhoxBaadjUMN6b5VujSMtX0R0rH6cyNjypiBCuykYtgzf72R+J/XTDE8a2ciSlKEiE8OhamkGNNRQ7QrtM0uB5YwroX9K+U9phlH22PeluD/jTxLasdF/6RYui4VyufTOpbJLtkjB8Qnp6RMLskVqRJOHsgTeSGvzqPz7Lw575PRnDPd2SG/4Hx8A+Kmnrc=</latexit>

There is the perfect model fi⇤

<latexit sha1_base64="JqDV0KJLcBAOJiVo7fASkaewPgc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahuiiJFHVZ6sZlBfuANobJdJIOnUzCzEQooeLGX3HjQhG3/oQ7/8ZpmoW2Hrhw5px7mXuPFzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryygRmLRwxCLR9ZAkjHLSUlQx0o0FQaHHSMcbXU39zj0Rkkb8Vo1j4oQo4NSnGCktueaB76b07nTSb9AgqDzMkD1OXLNsVa0McJHYOSmDHE3X/OoPIpyEhCvMkJQ924qVkyKhKGZkUuonksQIj1BAeppyFBLppNkNE3islQH0I6GLK5ipvydSFEo5Dj3dGSI1lPPeVPzP6yXKv3RSyuNEEY5nH/kJgyqC00DggAqCFRtrgrCgeleIh0ggrHRsJR2CPX/yImmfVe3zau2mVq438jiK4BAcgQqwwQWog2vQBC2AwSN4Bq/gzXgyXox342PWWjDymX3wB8bnDxmel9M=</latexit>

fi⇤

 !
= “not cat”

<latexit sha1_base64="JqDV0KJLcBAOJiVo7fASkaewPgc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahuiiJFHVZ6sZlBfuANobJdJIOnUzCzEQooeLGX3HjQhG3/oQ7/8ZpmoW2Hrhw5px7mXuPFzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryygRmLRwxCLR9ZAkjHLSUlQx0o0FQaHHSMcbXU39zj0Rkkb8Vo1j4oQo4NSnGCktueaB76b07nTSb9AgqDzMkD1OXLNsVa0McJHYOSmDHE3X/OoPIpyEhCvMkJQ924qVkyKhKGZkUuonksQIj1BAeppyFBLppNkNE3islQH0I6GLK5ipvydSFEo5Dj3dGSI1lPPeVPzP6yXKv3RSyuNEEY5nH/kJgyqC00DggAqCFRtrgrCgeleIh0ggrHRsJR2CPX/yImmfVe3zau2mVq438jiK4BAcgQqwwQWog2vQBC2AwSN4Bq/gzXgyXox342PWWjDymX3wB8bnDxmel9M=</latexit>

fi⇤

 !
= “cat”

i* in [N] is unknown



Two Scenarios



SCENARIO I
Universe of instances

U

Draw n instances from the universe at  
random and label them

<latexit sha1_base64="lFfQ/j5chscAAZoJuPUZUO5LA/I=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRWihlRoq6EYpuXFa0F+iUIZPJtKGZZEgyYhm6d+OruHGhiFtfwJ1vY3pZaOsPgZ/vnMPJ+f2YUaVt+9vKrKyurW9kN3Nb2zu7e/n9g5YSicSkiQUTsuMjRRjlpKmpZqQTS4Iin5G2P7ya1Nv3RCoq+J0exaQXoT6nIcVIG+TlC7fwArpp6cFzKiPPKVdcFgitKgZwA3jZHXv5ol21p4LLxpmbIpir4eW/3EDgJCJcY4aU6jp2rHspkppiRsY5N1EkRniI+qRrLEcRUb10essYHhsSwFBI87iGU/p7IkWRUqPIN50R0gO1WJvA/2rdRIfnvZTyONGE49miMGFQCzgJBgZUEqzZyBiEJTV/hXiAJMLaxJczITiLJy+b1knVOa3WbmrF+uU8jiw4AgVQAg44A3VwDRqgCTB4BM/gFbxZT9aL9W59zFoz1nzmEPyR9fkDsIGY+A==</latexit>

S = {(x1, y1), . . . , (xn, yn)}

S is called training set!

<latexit sha1_base64="qZnt+pBegdxCmiye//0Fpr7m3jk="></latexit>

Learning algorithm has access to the models {f1, . . . , fN}
<latexit sha1_base64="/uNsYFxv9kEHoQ6kdROwPwO/YNM=">AAACJnicbVDLSiNBFK12fE18xXHppjAIrkK3iIoghJmFLhWMCkkItys3prAeTdVtNTT5mtnMr7hxoYi481OmEoP4OlBwOOeeqronzZT0FMfP0cSPyanpmdmfpbn5hcWl8vKvU29zJ7AurLLuPAWPShqskySF55lD0KnCs/Tyz9A/u0LnpTUn1M+wpeHCyK4UQEFql/ebhDfkdHFgQe1xh5Q7w4Fr20HFryX1uNegFBcKvH8LcnTOukG7XImr8Qj8K0nGpMLGOGqX75sdK3KNhkYXNpI4o1YBjqRQOCg1c48ZiEu4wEagBjT6VjFac8DXg9LhXevCMcRH6vtEAdr7vk7DpAbq+c/eUPzOa+TU3W0V0mQ5oRGvD3VzxcnyYWe8Ix0KUv1AQDgZ/spFDxwICs2WQgnJ55W/ktPNarJd3TreqtR+j+uYZatsjW2whO2wGjtkR6zOBPvLbtk9e4j+RXfRY/T0OjoRjTMr7AOil/+oR6aI</latexit>

Goal: return a model with small classification error

<latexit sha1_base64="LbnG6NgmCRbfatxwxPFm9kSv6vQ="></latexit>

xi’s are images taken

from the universe

yi = fi⇤(xi)



SCENARIO I

What should the learning algorithm be?

What kind of guarantee can we provide on its error?  

How does our guarantee (bound) on error depend on N the number of models,  
on n the number of samples we drew?



SCENARIO I

Algorithm: return any classifier that is consistent with S 

<latexit sha1_base64="g0WxdO5QY/jPIAvRcYtJmjSyCq8="></latexit>

Return: f̂S 2 {fi : 8t 2 [n], fi(xt) = yt}

Error bound:  

<latexit sha1_base64="CpBM1/qQeN3dfkEE1Ar9mxzHfVI=">AAACU3icbVFNb9QwEHVCgRIoXeDIZcQKxKGsElQVTlUFEuJYBNtW2qxWE2fSNXXiyJ60RFH+I0LiwB/hwgG8H5Wg5Z2e3nuj8TxntVaO4/hHEN7YuHnr9uad6O69rfvbgwcPj5xprKSxNNrYkwwdaVXRmBVrOqktYZlpOs7O3i7843OyTpnqE7c1TUs8rVShJLKXZoPPz1KmL2zL7p2xgFULfZqTZoT9+NLZgQvFc6ityTBTWn ELyKAJHUOfwAtYTVzGwfiFkFu8cGAK6D/upClEUTQbDONRvARcJ8maDMUah7PBtzQ3simpYqnRuUkS1zzt0LKSmvoobRzVKM/wlCaeVliSm3bLTnp46pUcCn9UYSqGpfr3RIelc22Z+WSJPHdXvYX4P2/ScPF62qmqbpgquVpUNBrYwKJgyJUlybr1BKVV/q0g52hRsv+GRQnJ1ZOvk6OXo2RvtPthd3jwZl3HpngsnojnIhGvxIF4Lw7FWEjxVfwUvwMRfA9+hWG4sYqGwXrmkfgH4dYfXA+yTw==</latexit>

For any � > 0, with probability at least 1� � over draws of S,

<latexit sha1_base64="ooppFk092jYpu4Nwt0JD25A7QHs="></latexit>

P (f̂S(x) 6= y)  log (N/�)

n

PAC: Probably Approximately Correct 



SCENARIO II

U

Universe of instances

Set of all possible emails!

On each round t:
<latexit sha1_base64="W4KOv37Q7YyI5NxCX+pBlLQINI8="></latexit>

Email xt is composed, possibly

by spammer!

<latexit sha1_base64="4Vyut+bCieTPBX35Fw0k2cDDn5c=">AAACGHicbVC7TgMxEPTxDOEVoKSxiEBU4Q5FQBlBQwmCBKQkivacDbGw7072HuJ0ymfQ8Cs0FCBES8ff4DwKXiNZGs3M2t4JEyUt+f6nNzU9Mzs3X1goLi4tr6yW1tYbNk6NwLqIVWyuQ7CoZIR1kqTwOjEIOlR4Fd6eDP2rOzRWxtElZQm2NdxEsicFkJM6pb2dFuE9GZ1fZJZQc6HAWhdAy1GDVBwsH7T6QHk26FCxUyr7FX8E/pcEE1JmE5x1Sh+tbixSjRGNrm4GfkLtHAxJoXBQbKUWExC3cINNRyPQaNv5aLEB33ZKl/di405EfKR+n8hBW5vp0CU1UN/+9obif14zpd5RO5dRkhJGYvxQL1WcYj5siXelQUEqcwSEke6vXPTBgCDX5bCE4PfKf0ljvxIcVKrn1XLteFJHgW2yLbbLAnbIauyUnbE6E+yBPbEX9uo9es/em/c+jk55k5kN9gPexxdZdaCW</latexit>

System classifies email as ŷt
<latexit sha1_base64="jfLMS96AGUmOqujU31s+reAgGWk="></latexit>

True label yt = fi⇤(xt) revealed

<latexit sha1_base64="MDCtHl6kDhvFIkHFf7//Y/yELaY="></latexit>

We get feedback every round. But spammer can pick next email.

<latexit sha1_base64="vZM5NRrMu+5EBbFzk8QXxmHxQyI=">AAACG3icbVDLThsxFPXwbnil7bIbiwjEKppBCBArRBd0UwmkhkRKouiOcyexYo9H9h1oNMp/sOFX2HRRhLqq1AV/U0/IgteRLJ177sv3xJmSjsLwMZibX1hcWl75UFldW9/YrH78dOlMbgU2hFHGtmJwqGSKDZKksJVZBB0rbMajr2W+eYXWSZP+oHGGXQ2DVCZSAHmpV93b6RD+JKuLMwPqmH+HEXJwPMFrrv16H7oyzoxz0g+tTyq9ai2sh1PwtySakRqb4bxX/dvpG5FrTEkocK4dhRl1C7AkhcJJpZM7zECMYIBtT1PQ6LrF9LYJ3/ZKnyfG+pcSn6rPOwrQzo117Cs10NC9zpXie7l2TslRt5BplhOm4mlRkitOhpdG8b60KEiNPQFhpf8rF0OwIMjbWZoQvT75Lbncq0cH9f2L/drJ6cyOFfaFbbFdFrFDdsK+sXPWYILdsDv2m90Ht8Gv4CH481Q6F8x6PrMXCP79B8pFoKU=</latexit>

Goal: Make as few mistakes as possible.



SCENARIO II

What should the learning algorithm do?

What is the bound on total number of mistakes made?



SCENARIO II

How about using the same algorithm from scenario 1 for each t (re-run)? 

How many mistakes would it make?



SCENARIO II

Algorithm:

<latexit sha1_base64="gXRpLIB9bNKniV3/cLYr9YAXd5Q="></latexit>

Pick Ft = {fi : i 2 [N ], 8s < t, fi(xs) = ys}
Set ŷt = Majority({f(xt) : f 2 Ft})

Mistake Bound:

<latexit sha1_base64="IQInx3+2W0//BGJodrp6eT6eOUs=">AAACHnicbVDLSsNAFJ34rPVVdelmsAiuSiK+lkU3rqSCVaEpYTK9aQcnkzBzI4SQL3Hjr7hxoYjgSv/Gae1CWw9cOJxzLzPnhKkUBl33y5mZnZtfWKwsVZdXVtfWaxub1ybJNIc2T2Sib0NmQAoFbRQo4TbVwOJQwk14dzb0b+5BG5GoK8xT6Masr0QkOEMrBbVD32RxUGBJ/ZjhIIwKr/QLf8CwyMsAqa+A5gH61pdgJ+kH+/QiqNXdhjsCnSbemNTJGK2g9uH3Ep7FoJBLZkzHc1PsFkyj4BLKqp8ZSBm/Y33oWKpYDKZbjOKVdNcqPRol2o5COlJ/XxQsNiaPQ7s5zGAmvaH4n9fJMDrpFkKlGYLiPw9FmaSY0GFXtCc0cJS5JYxrYf9K+YBpxtE2WrUleJORp8n1fsM7ahxcHtSbp+M6KmSb7JA94pFj0iTnpEXahJMH8kReyKvz6Dw7b877z+qMM77ZIn/gfH4DgO2iqw==</latexit>X

t

1{ŷt 6= yt}  log2 N

Why?



WHAT IS IN THIS COURSE?

1. Statistical Learning theory 

A. Generalization Error, Training Vs Test loss, Model Complexity 

B. PAC model and VC theory  

C.  Rademacher Complexity and Uniform convergence 

D.Role of Regularization in learning, model selection and validation  

E. Algorithmic Stability  

2. Online learning  

1. Perceptron 

2. Online experts problem 

3. Online Gradient descent and Mirror descent  

3. Boosting  

4. Stochastic Optimization and Learning: including understanding Stochastic Gradient Descent  

5. Bandit problems: both stochastic and adversarial settings  

6. A primer to theory of deep learning: new challenges  

7. Computational Learning theory: Computational hardness or learning, proper vs improper learning  

8. Societal aspects of ML: Differential Privacy, Right to be Forgotten, Fairness and ML 



GRADING

• 3% Class participation


• 4 Assignments worth 40% of your grades


• One prelims worth 30% of your grades


• One Term project worth 27% of your grades


• For CS 5783 additional 2 reading assignment + quizzes 
on them this will be 10% of grade (prelims 25% and Proj 
22%).  CS 4783 students can also optionally take this.



ROUGH TIMELINE

• Assignments: there are tentative and subject to changes


• HW1: Aug 23, HW2: Sep 13, HW3: Oct 11, HW4: Nov 
13


• Each assignment has roughly a week


• Prelims: Oct 25th in class


• Project: Initial proposal due mid semester (early oct), there 
will be a project brainstorming lecture in November (Nov 
6th tentative). Final report due exam week


